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Keywords  Abstract 
Borehole breakouts can be modeled by the propagation of cracks in the vicinity 

of wellbores. Coalescence of these cracks with a series of formed sub-parallel 

cracks leads to a breakout. Using fracture mechanics principles, the propagation 

of cracks in the vicinity of wellbores resulting in the final formation of 

breakouts is investigated. An indirect BEM with higher-order elements has 

been used to numerically simulate cracks propagation. Various configurations of cracks placement around 

a wellbore are analyzed. Numerical results showed that the ratio of stresses normal to wellbores’ axis has 

a significant effect on breakouts final shape. For a given lower normal stress, higher stress ratios lead to 

wider breakouts, eventually leading to wellbore instability. Furthermore, for a given higher normal stress, 

higher stress ratios tend to form deeper breakouts with a limited width increase. The hydrostatic stress field 

can be completely stable or unstable depending on a threshold stress value. 

Borehole Breakout 

Wellbore stability 

Indirect BEM 

Crack propagation 

Fracture mechanics 

 

1. Introduction 

Wellbore breakouts occur due to compressive 

stress concentration around wellbores in 

direction of minimum normal stress to the 

wellbore wall (minimum horizontal stress in 

case of vertical wellbores). Many studies have 

proven that breakouts’ orientations are 

independent of lithology and are uniform with 

depth (Castillo and Zoback, 1994; Plumb and 

Cox, 1987). Breakouts result in an elongation 

of the wellbore wall. They are very common in 

oil and gas wells and they can be used to 

estimate stress orientation and magnitude 

(Zoback, 2010). However, excessive wellbore 

breakout can lead to wellbore instability. 

Breakouts and related problems in wellbore 

stability have been extensively studied using 

analytical and numerical models and field data 

(Gerolymatou, 2019a; Gomar et al., 2014; Li et 

al., 2019; Lin et al., 2010; Mansouri Zadeh et 

al., 2016; Sahara et al., 2017; Zhang et al., 

2018). Gerolymatou suggested a semi-

analytical method based on conformal 

mapping for the prediction of breakouts in 

brittle rock (Gerolymatou, 2019b). Lin et al. 

and Liu et al. used DEM to simulate breakout 

formation. They showed that breakout shape 

and dimensions changed considerably under 

high stress and high temperature conditions 

(Lin et al., 2020; Liu et al., 2020). Wei et al. 

developed a hydro-mechanical model for 
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borehole breakout in fractured rocks. They 

showed that the fracture density dominates the 

yielded area around the borehole, while the 

direction of the fractures controls the shape of 

the breakout (Wei et al., 2021). Tang et al. used 

a thermo-poroelasticity model to analyze 

wellbore breakout and determine maximum 

horizontal stress (Tang et al., 2021).  As 

wellbore breakouts grow, they deepen but do 

not widen (Zoback, 2010). Therefore, a 

wellbore with a limited breakouts’ width can 

be considered stable. 
Studies of wellbore breakouts have shown that 

failure of wellbore walls is often dominated by 

a tensile spalling or shear fracturing mode 

(Guenot, 1989; Vardoulakis et al., 1988). 

Various studies have focused on these two 

breakout mechanisms. Tensile crack initiation 

and propagation in the vicinity of wellbore 

results in tensile spalling. Coalescence of these 

tensile cracks with a series of formed sub-

parallel cracks creates a tensile spalling layer 

(Baotang et al., 2014). This is typical behavior 

of hard crystalline rocks such as granites 

(Amadei and Stephansson, 1997; Ewy and 

Cook, 1990; Haim son and Lee, 1995; Lee and 

Haim son, 1993; Martin et al., 1994; Zang and 

Stephansson, 2010). Also, the extension of 

shear failure along with one or more shear 

fractures from the wellbore wall into the rock 

results in shear fracturing. The intersection of 

these shear fractures can cause breakouts. The 

shear fracturing mechanism of breakout 

formation is often observed in softer porous 

rocks, such as dolomite, limestone, and 

sandstone (Guenot, 1989; Zoback et al., 1985) . 

Fracture mechanics concepts have been used to 

study breakout formation. Shen et al. (Shen et 

al., 2002) and Shen (Shen, 2008) used 

FRACOD (based on fracture mechanics 

principles) to estimate in situ stress magnitudes 

from breakouts. Abdollahipour et al. also used 

fracture mechanics concepts and the 

displacement discontinuity method (DDM) to 

study hydraulically induced fracture 

propagation around wellbores (Abdollahipour, 

2015; Abdollahipour et al., 2015, 2013). They 

also improved the DDM by extending it to 

Poroelasticy (A Abdollahipour et al., 2016). 
In this study, fracture mechanics concepts 

along with the DDM were used to study 

breakout formation in various conditions. First, 

the numerical method was introduced and 

verified. Then, a series of numerical 

simulations were carried out and to study 

breakout formations in various conditions. 
 

2. Research Methodology 

The displacement discontinuity method 

(DDM) is particularly ideal for problems 

involving fractures and discontinuities because 

the fundamental solution contains a 

displacement jump. Therefore, normal 

displacement discontinuities of the element can 

be considered as the normal displacements of a 

crack and its shear displacement 

discontinuities can be considered as shear 

displacements of a crack. A 2D displacement 

discontinuity method has been used for 

numerical analyses. The rock mass is assumed 

to be impermeable and uniform pressure of 5 

MPa is considered in wellbores as the mud 

pressure. Following properties (based on field 

data (RIPI, 2016)) and assumptions have been 

also considered through analyses unless told 

otherwise. Wellbore axis with radius R is 

aligned with vertical stress which is one of the 

principal stresses. Special crack tip elements 

(as explained in section 3.2) were used for 

cracks’ ends to simulate cracks propagation 

more accurately. Maximum and minimum 

horizontal stresses vary in a domain as σH 

=(40-80MPa) and σh=(10-40MPa) 

respectively. Two initial geometries of circular 

cracks (Fig. 1 (a)) with distance r from the 

wellbore wall and random cracks (Fig. 1(b)) 

are considered in this study.
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Figure. 1 Initial geometry of cracks around a wellbore 

 
Table 1 presents the geomechanical properties 

considered in the analyses based on laboratory 

tests on oilfield specimens. Where E is the 

modulus of elasticity, ν is the Poisson ‘s ratio, 

and UCS is the uniaxial compressive strength. 
 

 

Table 1. Geomechanical properties 

E(GPa) UCS (MPa) (MPa. √m) ICK ν 

35 115 3.5 0.28 

 

The crack initiation angle of propagating 

cracks θ0 is determined based on the maximum 

tangential stress mixed-mode fracture criterion 

proposed by Erdogan and Sih (Erdogan and 

Sih, 1963). 
The initial cracks may propagate in the 

numerical models according to the following 

steps. 
1) The model is run, 
2) Crack initiation angle θ is determined based 

on the maximum tangential stress criterion, for 

propagating cracks in the model. 
3) Special crack tip elements of the propagated 

cracks are converted to ordinary 3rd order 

elements. 
4) A special crack tip element with a length of 

0.1L (i.e., one-tenth of initial cracks) is added 

in the direction of θ0. 
The numerical model repeats these 4 steps until 

all cracks are interacted and stop propagating 

and the final shape of crack propagation 

leading to breakout formation is formed or no 

more crack propagation is observed based on 

the fracture criterion. 
 

3. Higher-order displacement 

discontinuity method  

Higher-order elements increase the accuracy of 

the displacement discontinuity method. Third-

order elements of displacement discontinuity 

were used in this study for higher accuracy. 

However, due to singularity in the vicinity of 

crack tips, the accuracy of the DDM decreases. 

The use of special crack tip elements at the end 

of cracks increases the accuracy and 

overcomes the lack of accuracy near crack tips. 

Therefore, a special crack tip element with four 

sub-elements was also used to further increase 

the accuracy of the DDM. Appendix A 

provides the complete set of equations for the 
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formulation of the used numerical model. 

 

4. Verification of the third-order 

element formulation of the DDM 

The accuracy and applicability of the third-

order element DDM (i.e., cubic elements) are 

tested against problems of a slant crack in an 

infinite body and cracks emanating from a 

circular hole (which both have analytical 

solutions for Mode I and II SIFs). 
 

 

Crack in an infinite body 

A slant crack in an infinite body under uniform 

tension is shown in Fig. 2(a). Guo et al. and 

Whittaker et al. calculated the analytical KI and 

KII for this problem (Guo et al., 1990; 

Whittaker et al., 1992). A crack half-length of 

a= 1m is assumed in the analysis. A crack tip 

element length to half crack length ratio, l/a= 

0.1 has been used for the numerical solution of 

the problem. 
 

 

 

(a) 

 
(b) 

Figure. 2. (a) Crack geometry (b)comparison of normalized SIFs for a slant crack in an infinite body 

with arbitrary orientation (b) compares the numerical and analytical values for the normalized SIFs. 

The numerical method has successfully predicted Mode I and II SIFs for various inclinations angles 

of the crack.
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2sin    and  sin cosI IIK a K a          (15) 

 

Cracks emanating from a circular hole 

Fig. 3 shows two cracks emanating from a 

circular hole both under uniform internal 

pressure P. Newman (Newman, 1971) and 

Tada et al. (Tada et al., 2000) provided the 

analytical solution for the calculation of mode 

I stress intensity factor of this problem. The 

geometry of the problem is very similar to that 

of a wellbore with perforations. It is solved 

numerically to verify the accuracy of the 

proposed third-order formulation. Various 

crack lengths (a) have been used along with the 

values shown in Fig. 3.  Fig. 4 shows KI values 

for various cracks' lengths. The comparison 

shows the high accuracy of the method in 

predicting Mode I SIF. Since the problem is 

very similar to the geometry of a borehole with 

cracks on the wellbore's wall, it also implies a 

high level of accurate simulation of SIF 

calculation around a wellbore. 

 

 

 

Figure 3. Cracks emanating from a circular hole with radius R and internal pressure P 

 

 

 

Figure 4. Comparison of numerical and analytical KI values for cracks emanating from a circular 

hole
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5. Numerical modeling of breakout 

formation in various stress fields 

The area close to the wellbore wall often 

contains either natural cracks or induced cracks 

by a damaged zone around the wellbore 

(Zoback, 2010). These natural or induced pre-

existing cracks may propagate to form 

breakouts based on the acting stresses on their  

surfaces and the geomechanical properties of 

the host rock. Therefore, the formation of 

breakouts would be mostly dominated by stress 

concentrations and the host rock properties . 
The Kirsch solution can be used to determine 

the tangential stress at the wellbore wall based 

on the elasticity theory. Using Kirsch solution 

and uniaxial compressive strength of the host 

rock, one can determine the breakout angle in 

a vertical wellbore (Baotang et al., 2014) from 

Eq. (16). 

 

 
  












 

chH

chHcos





2

11       (16) 

where α is breakout angle at the wellbore wall 

(°), σc is the uniaxial compressive strength of 

the rock (MPa), and σH and σh are maximum 

and minimum horizontal stresses respectively . 

Minimum horizontal stress acting in the x-axis 

direction was varied from 10 to 40 MPa with 

10 MPa intervals, while maximum horizontal 

stress acting in the y-axis direction was varied 

from 40 to 70 MPa with also10 MPa intervals. 

The wellbore radius was R=0.5m with no 

internal pressure and cracks are within 5 cm of 

the wellbore periphery (i.e. r=5 cm). Fig. 5 

shows the formation of breakouts around these 

wellbores while considering the initial 

geometry shown in Fig. 1 (a). A maximum 

DDM element length of 5 cm is used 

throughout the modeling. 

It should be noted that Fig. 5 is redrawn 

manually from the obtained results of 

numerical modeling. Fig. 5 (a) shows the most 

crack propagation around wellbores. Due to a 

relatively low σh (=10 MPa), a high difference 

between the minimum and maximum 

horizontal stresses has occurred leading to the 

formation of a compressive and tensile region 

around the wellbore. Although many initial 

cracks have propagated in Fig. 5(a), except for 

the last case, they do not contribute to breakout 

formations. In fact, the combination of σH=40 

MPa with other minimum horizontal stresses 

didn’t produce any significant crack 

propagation, hence these graphs are not shown. 

Results are in complete agreement with Eq. 

(16) which predicts breakout angle α=0° for the 

omitted cases. Most crack propagations in Fig. 

5 (a) are drilling-induced fractures due to the 

creation of a tension area in specified locations 

shown by an ellipse on the wellbore walls. This 

can be easily derived from the Kirsch solution 

for the developed tangential stresses in the 

wellbore wall. These cracks can be 

distinguished from “breakout cracks” by 

considering that they are deepening instead of 

spalling and going around the wellbore wall. 

By increasing the minimum horizontal stress in 

subsequent analyses, more breakouts were 

observed (Fig. 5 (b) to (d)). Also, higher stress 

ratios in subsequent models produced higher 

breakout angles. It should be noted that 

breakouts need an initial stress threshold to 

form. This is why the high-stress ratio of 4 

(Fig. 5 (a)) could not form any breakout (due to 

not reaching this threshold). The threshold can 

be estimated based on the uniaxial compressive 

strength of the host rock. According to Fig. 5, 

the ratio of in situ stresses significantly alters 

breakout formation and crack propagation 

path. In the next section, a systematic study of 

the stress ratio effect on crack propagation will 

be performed
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Figure 5. Breakout formation around wellbores with various stress ratios, a) σh=10MPa, σH=40 to 70 

MPa, b) σh=20MPa, σH=50 to 70 MPa, c) σh=30MPa, σH=50 to 70 MPa, d) σh=40MPa, σH=50 to 70 

MPa 

 

6. Effect of stress ratio on breakout 

formation 

The ratio of stresses perpendicular to the 

wellbore wall is known to have a significant 

effect on the stability of wellbores as well as 

the concentration of stresses near wellbores. 

This effect is studied by constructing several 

models with different stress ratios. Stress ratios 

(σH/ σh) of 1, 1.5, 2, 3, and 4 with σH= 70 MPa 

along with mud pressure of P= 5 MPa are 

considered. It should be noted that the mud 

pressure did not affect breakout shape 

significantly in previous models, hence it is 

kept constant in all subsequent analyses. Fig. 6 

shows the formation of breakouts in these 

models. The breakout angle is almost similar in 

all stress ratios in Fig. 7. For ratios of 3 and 4 

breakouts have deepened more than it has 

widened. This limits the collapsed wall due to 

breakout. This limited breakout width does not 
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create significant wellbore stability problems. 

Based on previous experiences wellbores with 

breakouts width angle (see α in Fig. 6) less than 

90° can be considered stable (Zoback, 2010). 

The maximum horizontal stress is constant in 

Fig. 6 and minimum horizontal stress is varied 

to produce different stress ratios. For a stress 

ratio of 1 (i.e. lithostatic stress state), all cracks 

have intersected each other around the 

wellbore. Since in this case, the tangential 

stress is constant around the wellbore, the crack 

propagation paths have not changed around the 

wellbore and a uniform breakout has merged in 

all the walls. However, the breakout angle for 

other cases is limited and almost equal, only 

the depth of breakout has changed in these 

models. In Fig. 7 minimum horizontal stress is 

constant and maximum horizontal stress is 

changed. For ratios of 1 and 1.5 no significant 

crack propagation was observed, therefore no 

breakout was formed. This was expected since 

the combination of stresses around this well 

was not high enough to create any considerable 

failure. The hydrostatic stress state has shown 

two very different behavior in Figs. 8 and 9. 

This further suggests threshold stress for 

initiation of breakout formation. By the 

increase of stress ratio in Fig. 7, higher stresses 

act on the wellbore resulting in the initiation of 

breakout formation at a stress ratio of 2. The 

changes of stress ratio in other models of Fig. 

7 shows that breakout tends to widen as the 

stress ratio increases. 

 

 

=70 MPaHBreakout angle for various stress ratios with σ .6 Figure 

 

=30 MPahBreakout angle for various stress ratios with σ .7 Figure
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Based on Figs. 6 and 7 it can be deduced that for a 

constant maximum normal stress to wellbore wall, 

higher stress ratios (maximum to minimum stresses 

normal to wellbore) results in deeper breakouts with 

an almost contained width. On the other hand, for a 

constant minimum normal stress to the wellbore 

wall, higher stress ratios lead to wider stress ratios, 

and meanwhile, the depth of breakouts does not 

change substantially. Also, it can be concluded that 

the maximum normal stress to the wellbore controls 

the width of breakout while the depth of breakout is 

more related to the minimum horizontal stress. 

Moreover, the hydrostatic stress state (i.e. stress 

ratio of 1) showed the most breakout formation 

angle for Fig. 6 and no breakout angle for Fig. 7. 

This contradicting result may be justified by 

considering the threshold stress needed for the 

initiation of crack propagation. These results were 

obtained considering the initial geometry shown in 

Fig. 1 (a). A different geometry consisting of 

random cracks will be considered to examine the 

findings and evaluate the effect of the initial 

distribution of initial cracks. Initial cracks with 

random orientations and lengths are distributed 

around wellbores as shown in Fig. 8 (a). Figs. 8 (b) 

to (f) show the breakout formations for σH=70 MPa 

and σH/σh ratio of 1, 1.5, 2, 3, and 4 respectively. 

The extent of breakout formation is still similar to 

Fig. 6. Again, the stress ratio of 1 shows an almost 

uniform breakout formation around the wellbore. 

However, the deepening effect of higher stress 

ratios (for a constant maximum normal stress) is 

clearer in this case. It should be noted that the crack 

propagation in specified areas of Fig. 8 (e) and (f) is 

due to the formation of a tensile stress region. This 

can be seen in Fig. 9 which shows the variation of 

total displacements around wellbores. Maximum 

horizontal stress i.e. σH is held constant and various 

ratios of stresses are developed in Fig. 9 (a) while 

the minimum horizontal stress i.e. σh is held 

constant and various ratios of stresses are developed 

in Fig. 9 (b). The displacements around the wellbore 

for stress ratio of 1 are constant and larger than other 

stress ratios in the majority of the wellbore 

periphery for σH=70 MPa in Fig. 9 (a). On the other 

hand, it is smaller than other stress ratios in the 

majority of the wellbore for σh=30 MPa in Fig. 9 

(b). The crack propagations in specified areas of 

Figs. 8 (e) and (f) are due to tensile stress and they 

do not contribute to breakout formation since they 

tend to propagate in a direction normal to minimum 

horizontal stress. This leads to no cracks 

intersection which is essential to breakout 

formation. The results in Figs. 8-11 show that 

hydrostatic stress states can have two different 

behaviors. If the hydrostatic stress state produces 

high enough stresses around the wellbore, it can be 

one of the most unstable cases. While, if the 

hydrostatic stress state is not considerably high (in 

relation to UCS), then it can be one of the most 

stable stress states. 

 

 

Figure 8. breakout formation for random cracks with σH=70MPa a) initial model, b) σH/σh=1 c) 

σH/σh=1.5, d) σH/σh=2, e) σH/σh=3, f) σH/σh=4
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 =30 MPah=70 MPa b) for σHvariation of total displacements around a wellbore a) for σ .9 Figure
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7. Conclusions 

Breakout formation in wellbores may result in 

instability. The formation mechanism of 

breakouts was studied numerically using the 

displacement discontinuity method. Higher-

order elements were introduced and used to 

improve the accuracy of the numerical model 

in simulating cracks propagation. The 

numerical method was validated by several 

analytical solutions. Then breakout formation 

was studied through several numerical 

simulations. Numerical results showed that the 

ratio of normal stresses to wellbore walls 

(higher normal stress/lower normal stress) has 

a significant effect on the formation of 

breakouts. It was concluded that for a constant 

higher normal stress, higher stress ratios lead to 

deeper breakouts and the width of breakout 

does not change significantly. Also, for a 

constant lower normal stress, higher stress 

ratios lead to wider breakouts, eventually 

leading to wellbore instability. In addition to 

that for a stress ratio of 1 (i.e. hydrostatic stress 

field), the formation of breakout depends on 

the magnitude of hydrostatic stress. If this 

stress is high enough in relation to the host rock 

UCS, then breakout formation may occur in all 

wellbore walls. But if the hydrostatic stress is 

not high enough, a minimum breakout 

formation may occur and the wellbore will be 

stable breakout-wise. 
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Appendix A. 

A.1. Third-order element formulation for the DDM 

A third-order displacement discontinuity (DD) element (Di(ζ)) contains four sub-elements 

(a1,a2,a3,a4) as shown in Fig. A.1. These sub-elements can have any arbitrary length order, but 

equal sub-elements facilitate the derivation of the formulation. Therefore, equal sub-elements 

(a1=a2=a3=a4) will be used in this study. Sub-element contains a central node. The opening 

displacement discontinuity Dy and sliding displacement discontinuity Dx are numerically 

evaluated (Fatehi Marji et al., 2009). 

     , x,yi D)()(D
j

j

iji 


4

1

      (A.1
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Figure A.1. Cubic collocation for a cubic element displacement discontinuity 
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Crouch derived the displacement and stress fields for a line crack in an infinite body along the x-

axis in Eq. (A.3) and Eq. (A.4) respectively (Crouch, 1976):  
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where G is the shear modulus, g(x,y) and f(x,y) are harmonic functions and f,x, g,x, f,y, g,y, etc. are 

the partial derivatives of f(x,y) and g(x,y) with respect to x-axis and y-axis. f(x,y) and g(x,y) for 

third order element case can be derived from: 
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Common function Fj in Eqs. (A.5) is defined as 

 

4 to 1 =j,dy)x(ln)()I,I,I,I(F jj   22

3210   (A.6) 

where the integrals I0, to I3 are defined by Eqs. (7):
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and β1, β2, r1, and r2 are defined as: 
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    (A.8) 

Abdollahipour et al. (Abdollahipour et al., 2015) and Fatehi-Marji et al. (Fatehi Marji et al., 2006) 

have completely explained the partial derivatives of I0 to I3.  

 

A.2. The special crack tip element  

Special crack tip elements with four equal crack tip sub-elements were used to compensate for 

the lack of accuracy of the DDs values near crack ends due to singularities of the stresses and 

displacements at this area (Fatehi Marji et al., 2006). As shown in Fig. A.2, the variation of DDs 

can be formulated using a special crack tip element divided into four equal special crack tip sub-

elements (a1 = a2 = a3 = a4).
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Figure A.2. Special crack tip element with four equal sub-elements 

 

                     aDaDaDaDD CiCCiCCiCCiCCi

4

4

3

3

2

2

1

1     (A.9) 

In which i = x,y for shear and normal DDs. The special crack tip elements’ shape functions ϖC1(ζ) 

to ϖC4(ζ) can be obtained as (Abolfazl Abdollahipour et al., 2016):  
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            (A.10) 

The general potential function FC(x,y)  for special crack tip elements may be found by first 

substituting shape functions definition (Eqs. (A.10)) into Eqs. (A.9). Then the resulted equations 

are substituted into displacement and stress fields equations (Eqs. (A.3) and (A.4)). Finally, 

following the same procedure as for the derivation of the general potential function ),,,( 3210 IIIIFj
 in 

Eq. (A.6), the general potential function )y,x(FC  for a special crack tip element can be expressed 

as:
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    (A.11) 

The special crack tip elements’ potential function  CjC IF  can be written as: 
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:integrals for four nodes of special crack tip element are derived as CjThen I 
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     (A.13) 

The Mode I and Mode II Stress Intensity Factors (SIFs) KI and KII are required for the crack 

propagation simulation study. These SIFs for a crack tip element of length 2a can be easily and 

directly derived based on the LEFM (Linear Elastic Fracture Mechanics) principles (Fatehi Marji 

et al., 2006; Sanford, 2003) using normal (opening) and shear (sliding) displacement 

discontinuities (Shou and Crouch, 1995) as:  
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