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Keywords  Abstract 

In this study, an eniched element free Galerkin framework is developed to 

investigate the effects of conductive-convective heat transfer on hydraulic 

fracturing. Weak and strong discontinuities are introduced in field variables 

using the enrichment strategy. The cohesive crack model is used in this study 

to simulate the process of initiation and propagation of fractures in saturated 

deformable porous media. The complicated process of hydraulic fracturing 

with thermal effects is simulated considering multiple components including fluid flow within the fracture, 

fluid flow through the host medium, fluid leak-off from the fracture into the surrounding porous rock, heat 

transfer within the fracture medium, heat transfer through the host porous rock, the heat exchange between 

the crack medium and the surrounding media, deformation of porous rock due to the hydraulic and thermal 

loading and crack propagation. To create the discrete equation system, Galerkin technique is applied, and 

the essential boundary conditions are imposed via penalty method. Then, the resultant constrained integral 

equations are discretized in space using EFG shape functions. For temporal discretization, a fully implicit 

scheme is employed. The final set of algebraic equations that form a non-linear equation system are solved 

using the iterative Newton-Raphson procedure. Numerical simulation results show the accuracy of the 

formulation as well as the performance of the program in coupling the heat transfer equation inside the 

crack with other governing equations. 

Hydraulic Fracturing, 
Element Free Galerkin, 

Extrinsic Enrichment, 

Thermo-Hydro-Mechanical 

Analysis, 
Cohesive Crack Model 

1. Introduction 

Enhanced oil recovery (EOR) techniques, 

particularly hydraulic fracturing, have become 

important topics in the thermo-hydro-mechanical 
analysis of multi-phase porous media. Hydraulic 

fracturing can be defined as a phenomenon in 

which a crack appears and propagates in the 

ground due to the hydraulic load applied by a 

viscous fluid. The process of creating hydraulic 

fractures in underground layers has been widely 

used in various engineering applications over the 

past few decades. It is a major technique to 

stimulate damaged oil/gas wells and 

unconventional with very low reservoirs 

permeability. It provides large cracks with high 

hydraulic conductivity to enhance the oil and gas 

flow rate from hydrocarbon reservoirs of poor 

permeability towards the wellbores. Many 

experimental, analytical, and numerical studies 
have been devoted to the hydraulic fracturing in 

recent years [1]–[10]. The thermal effects on 

different aspects of hydraulic fracturing are being 

studied by a number of researchers. For instance 

Tiankui et al. [11] conducted a numerical analysis 

of hydraulic fracturing of hot dry rocks. Liu et al. 

[12] investigated the effects of temperature field 

on elasto-plastic hydraulic fracture propagation in 

deep reservoirs. Luo et al. [13] analysed the THM 

behavior of hydraulic fracturing in naturally 

fractured formation. Zhou et al. [14] conducted 
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numerical simulation of hydraulic fracturing in 

enhanced geothermal systems. Yan et al. [15] 

presented a FDEM-based 2D coupled THM 

model for rock fracturing. The thermal cooling 

effects to improve hydraulic fracturing efficiency 

and hydrocarbon production in shales is 

investigated by Enayatpour et al. [16]. Some other 

researchers investigated the effects of cooling or 

heating on fractured and/or fracturing porous 

media [17]–[19].  

In this study the three-dimensional fluid flow in 

saturated deformable porous media is considered 

under conductive and convective heat transfer 

using the element-free Galerkin (EFG) method. 

Application of conventional finite element 

method [20], [21], control volume based finite 

element method [22], [23] and other numerical 

frameworks such as mesh-free methods [24]–[27] 

in simulation of saturated/unsaturated deformable 

porous media has already been demonstrated by a 

number of researchers. The proposed formulation 

considers the solid phase displacement in three 

directions, fluid phase pressure, and temperature 

as the main variables. The solid phase is assumed 

to be in temperature equilibrium with liquid 

phase; i.e., the solid phase and fluid phase have 

the same temperature at each time, and there was 

no temperature difference between phases [28].  

The governing partial differential equations 

include the linear momentum balance equation of 

the system, the continuity equation of fluid phase, 

and the heat transfer equation. The weak forms of 

the governing equations are developed by 

discretization in space using the EFG method and 

are discretized in time domain using the finite 

difference method and a fully implicit scheme. 

Since the moving least squares (MLS) shape 

functions in EFG lack the Kronecker delta, the 

boundary conditions are imposed using the 

penalty method [29]. Application of EFG for 

Thermo-Hydro-Mechanical simulations of 

saturated and unsaturated porous media in 

continuous and discontinuous deformable porous 

media has already been demonstrated by 

Iranmanesh et al. [24] and Iranmanesh and Pak 

[30]. The fully coupled algebraic equation system 

was solved via the Newton-Raphson method. This 

study assumed elastic geomechanical behavior for 

rocks. To model weak and strong discontinuities 

in the displacement fields, pore fluid pressure, and 

temperature, external enrichment was 

implemented. So, fracture propagation, fluid flow 

through cracks, flow exchange between cracks 

and medium, heat transfer inside the fracture and 

hydraulic fracture propagation could be modeled. 

Since the fracture process zone length in the crack 

tip is not negligible compared to the crack length 

in semi-brittle materials such as rocks, the 

cohesive crack model was employed to describe 

the nonlinear fracture processes at the crack tip 

[31]. 

The host reservoir rock was assumed to be a 

saturated porous media, and the interactions 

between all the physical phenomena governung 

the propagation of hydraulic fracturing were 

incorporated into the model. These physical 

phenomena include the flow of the fluid injected 

into the crack, the pore fluid flow in the porous 

medium surrounding the crack, the deformation of 

the surrounding porous medium, fluid leakage 

from the crack to the surrounding porous medium, 

heat transfer between the crack and porous 

medium, and hydraulic fracture propagation. The 

interactions between such phenomena are 

reflected by appearing the main variable of a 

differential equation in another differential 

equation; as a result, the governing differential 

equations have common variables. This coupling 

is so strong that the equations form a system of 

nonlinear differential equations, which should be 

solved in a fully coupled form in order to 

completely model the complicated process of 

hydraulic fracturing. The fluid flow within the 

crack was modeled using Cubic law. The intrinsic 

permeability of the crack was modeled through 

the cubic law, and the flow within the crack was 

assumed to be Newtonian. It should be noted that 

fluid and heat leakage through the crack wall into 

the surrounding porous rock and the possible 

formation of a fluid lag zone were calculated in a 

fully coupled form without any simplifying 

assumptions. 

The outline of this article is as follows: the 

governing equations together with initial and 

boundary conditions and constitutive relations are 

presented in section 2. In section 3, numerical 

simulation results and discussions are presented 

and finally some concluding remarks are given in 

section 4. 

 

 2. Formulation 

In the process of non-isothermal propagation of 

hydraulic fracture in a saturated deformable 

porous media, considering the interaction of 

different physical mechanisms is essential. 

Considering solid phase displacements (u ), pore 
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fluid pressure (
wp ) and temperature (T ) as the 

main field variables, the set of partial differential 

equations governing this process can be 

summurized as follows [7], [28]. 

(1) The linear momentum balance equation for the 

whole mixture: 

,
0

ij j i
+ =σ g  (1) 

(2) The continuity equation for the pore fluid flow 

through surrounding rock medium: 
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(3) The continuity equation for the fluid flow 

within the fracture: 
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(4) The energy balance equation for surrounding 

rock medium: 
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(5) The energy balance equation for the fracture 

medium (By neglecting the conductivity term and 

the source term): 

, 0ws

w w w w i iC T C T + =u  (5) 

Where 
ij

σ  is the total stress tensor, and 

(1 ) s wn n  = − +  is the average density of the 

mixture. 
w
  is the pore fluid dynamic viscosity 

and n  denotes the porosity. g  is the vector of 

gravity acceleration and   denotes Biot’s 

parameter. 
s  and 

w  are the solid and pore fluid 

density and also 
sK and 

wK are solid grains and 

fluid phase bulk modulus, respectively. Moreover, 

s  and 
w  are thermal expansion coefficients of 

solid grains and pore fluid and 
sC  and 

wC  are 

their corresponding heat capacities. 
ijk  and 

ijλ  

are the permeability and the conductivity tensors, 

respectively. w  is the crack opening and 
wiv 

  

denotes the average velocity vector of the injected 

fluid within the fracture medium which is defined 

as: 

,( )wi wd w i w ik p   = − +v g  (6) 

where 1,3i  =  which are the directions along the 

fracture length and height, respectively. 
wdk  is the 

fracture permeability that is defined through cubic 

law as follows: 

2

12
wd

w

w
k

f
=  (7) 

Where  f  denotes a coefficient between 1.04 and 

1.65 which takes into account the crack wall 

roughness effects on the fracturing fluid flow [32]. 

The set of initial and boundary conditions (Fig. 1) 

can be described as follows:  

(I) Initial conditions: 

0 0 0, , 0i i w wu u p p T T at t on= = = =   (7) 

(II) Essential boundary conditions: 
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(III) Natural boundary conditions: 
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(IV) Internal boundary conditions: 
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Fig. 1. Boundary conditions 
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In above equations, 
dt  denotes cohesive tractions 

along the discontinuity 
d  at the fracture process 

zone which are related to the fracture opening 

through a proper constitutive law. In this study, a 

linear traction-separation law is used as shown in 

figure 2. This relation can be formulated as 

follows [31]: 

2

2

t
coh t

f

f
f

G


−
= +t  

(11) 

Where 
tf  and 

fG  are the tensile strength and the 

fracture energy, respectively which are known as 

the model parameters for cohesive crack model. 

 
Fig. 2. Linear traction-separation law used in this 

study 

In order to model weak and strong 

discontinuities, enrichment strategy is used in 

such a way that the desired properties can be 

reproduced properly. So, the Heavised enrichment 

function is used for strong discontinuities as 

follows: 

1 if ( ) 0
( )

1 if ( ) 0
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(12) 

Also, the Ridge function is used for simulation 

of weak discontinuities where the field variables 

are continuous but their first derivatives are 

discontinuous (Equation 13). 

( ) ( ) ( )
enr enr
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(13) 

It is worth to note that the function   is known 

as the signed distance function, a kind of level set 

function for tracking the discontinuity surface 

[33], [34]. 

* *( ) || || sign ( ( ) )
d

 = −  −x x x n x x  (14) 

where *|| ||−x x  is the distance between the 

discontinuity and point x  and 
d

n is the unit 

normal vector to the interface at *
x . 

I
N  and 

enrn  

in Equation (13) are the standard MLS shape 

function and the number of nodes whose supports 

intersect the line/surface of the discontinuity, 

respectively. 

 

3. Numerical simulation results 
In this section, the effects of temperature field on 

hydraulic fracture growth in an infinite saturated 

porous medium is investigated through numerical 

analysis. Heat flux in the fluid injection area can 

be caused by the injection of a hot fluid or 

chemical reactions upon acid injection in the crack 

opening. Therefore, heat flux can be applied to the 

computational domain in the fluid injection area. 

This assumption represents a fluid at a higher 

temperature compared to the medium 

temperature; i.e., a hot fluid is injected into the 

medium. The initial medium temperature and pore 

pressure are assumed to be zero and the in-situ 

stresses and gravity acceleration are disregarded. 

The fluid injection and heat flux duration was set 

to 10,000 s, at an injection rate of 3×10-6 m2/s. 

Geometry and boundary conditions together with 

the inititial crack of 0.1 m long are depicted in 

figure 3. 

 

 
Fig. 3. Geometry and boundary conditions 

 

c 

tf

dt
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Figure 4 illustrates the nodal arrangement of 

EFG model. The concentration of nodes near the 

injection area and along the fracture path is 

depicted in figure 5. The present study has 

explored the tempreture effects in two distint 

scenarios. First, the effects of a temperature rise 

were evaluated by increasing the thermal 

conductivity and applying heat flux in a larger 

area than the fluid injection area. Second, heat 

flux was applied in the fluid injection area under 

realistic conductivity coefficient condition, 

exploring the effects of convective heat transfer 

within the crack and studying the influence of 

conductivity on the outputs. Material properties 

are presented in Table 1. 

Table 1. Material Properties 
Property Value Unit 

Intrinsic permeability 156 10−  2m  

Fracture energy 143 N m  

Tensile strength 0.45 MPa  

Initial porosity 0.19 - 
Fluid dynamic viscosity 0.001 Pa.s  

Fluid phase density 1000 
3kg m  

Solid phase density 2000 
3kg m  

Elstic young modulus 15960 kPa  

Poison’s ratio 0.33 - 
Biot coefficient 0.79 - 
Fluid phase bulk modulus 3000 MPa  

Solid phase bulk modulus 36000 MPa  

Conductivity 1.0 oJ/sm C  

Fluid phase heat capacity 4184.0 
oJ/kg C  

Soild phase heat capacity 837.0 
oJ/kg C  

Fluid phase thermal 

expansion coefficient 
66.3 10−   o1/ C  

Solid phase thermal 
expansion coefficient 

79 10−  o1/ C  

 

 
 

Fig. 4. Nodal arrangement for the computational 

domain 

 

 
 

Fig. 5. Consentration of nodes near the injection 
area and along the fracture path 

 

 

 

2000 

sec 

 

6000 

sec 

 

10000 

sec 

Fig. 6. Temperatre distribution near the injection 
area for scenario 1. 

 

Scenario 1: To evaluate the effects of 

temperature on the crack length, crack mouth 
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opening displacement, and crack mouth pressure, 

the conductivity was unrealistically assumed to be 

100 J/sm°C, with a heat flux of 5.5×104 W/m2 

applied to a length of 20 cm. Note that the fluid 

was injected at a length of 5 cm into the crack 

mouth. However, to capture the effects of the 

temperature during a period long enough to enable 

the heat to somewhat penetrate the medium, the 

heat flux was implemented along a longer length 

(20 cm). 

Figure 6 depicts the temperature distribution 

for three injection durations. As can be seen, heat 

transfer occurred through the conduction 

mechanism around the crack and increased the 

surrounding rock temperature when relatively 

high heat flux was applied at an unrealistically 

high conductivity. Figures 7-9 illustrate the crack 

length, crack mouth opening displacement, and 

crack mouth pressure in the first scenario in 

comparison to the isothermal condition. Figure 7 

shows that at the beginning of crack growth (until 

t=1000 s), the crack growth rate was larger than 

that in the isothermal condition due to the 

increased fluid pressure near the crack tip upon 

the temperature rise. 

 

 
Fig. 7. Time variation of crack length for scenario 1. 

 

 
Fig. 8. Time variation of crack mouth opening 

displacement for scenario 1. 

 

 
Fig. 9. Time variation of crack mouth pressure for 

scenario 1. 

 

Afterwards, due to the conductive heat transfer 

in the surrounding porous medium and the 

subsequent rock expansion, the crack tends to 

close and the crack growth rate decreases 

compared to the isothermal condition. This is also 

reflected in the plot of crack mouth opening 

displacement over time (Figure 8). This figure 

shows that due to the temperature rise around the 

crack, rock expansion reduces the crack mouth 

opening displacement compared to the isothermal 

condition. Furthermore, the rise in temperature in 

the fluid injection area increased the crack mouth 

pressure relative to the isothermal condition 

(Figure 9). 

Scenario 2: Now a heat flux of 2.4×104 W/m2 

is applied to the fluid injection area (5 cm). The 

thermal conductivity of the medium is assumed to 

be 1.0 J/sm°C, representing a more realistic 

coefficient. Figure 10 illustrates the temperature 

distribution for three injection durations.  

As can be seen, under the realistic 

conductivity condition, heat transfer occurres only 

through the convection mechanism due to the 

fluid flow into the crack. Since the porous rock 

around the crack has a negligible conductivity 

coefficient, and convection would be low due to 

the low permeability of the medium, Therefore, 

heat transfer occurred only through convection 

within fracture medium. This demonstrates the 

validity of the formulation and the good 

performance of the numerical model in the 

coupling process. 
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6000 
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sec 

 
Fig. 10. Temperatre distribution near the injection 

area for scenario 2 (𝜆 = 1 J/smοC). 

 

 Then the conductivity of the medium was 

increased to 100 J/sm°C to investigate the effects 

of conduction heat transfer when heat flux is only 

applied to the fluid injection area. Figure 11 

depicts the temperature distribution for this 

situation. 

As can be seen, with increasing the 

conductivity coefficient, the applied heat 

distributes radially and diminishes in a short time, 

since the initial temperature of the domain is 0°C. 

Therefore, the medium temperature would not rise 

to a large extent, reaching nearly 15°C in the heat 

flux area. On the other hand, the heat deterioration 

rate was lower when the medium had a low 

conductivity coefficient, with the temperature 

rising to approximately 90°C, as shown in Figure 

10. 
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. 
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Fig. 11. Temperatre distribution near the injection 

area for scenario 2 (𝜆 = 100 J/smοC). 

 

 

 
Fig. 12. Time variation of crack length for scenario 2. 
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Fig. 13. Time variation of crack mouth opening 

displacement for scenario 2. 

 

 

 
Fig. 14. Time variation of crack mouth pressure for 

scenario 2. 

 

Figures 12-14 demonstrate the crack length, 

crack mouth opening displacement and crack 

mouth pressure for the second scenario at two 

different conductivity coefficients in comparison 

to the isothermal condition. According to Figure 

12, at the beginning of crack growth (t=0 to 1000 

s), the crack growth rate for both conductivity 

coefficients was found to be higher than that in the 

isothermal condition due to the increased fluid 

pressure near the crack tip arising from the 

temperature rise, same the first scenario. Later, the 

crack growth rate declined to almost the same 

level as that in the isothermal condition due to the 

increased distance between the crack tip and 

heated area and reduced temperature contribution 

to fluid pressure as a crack growth driver. The 

thermal expansion of the rock around the crack 

wall was another explanation, which induced a 

crack closing tendency and decelerated the crack 

growth. However, such a tendency was not large 

enough to reduce the crack growth rate below the 

isothermal growth rate. 

According to Figure 13, the crack mouth 

opening displacement was smaller in the second 

scenario for both conductivity coefficients 

comparing to that in the isothermal condition; it 

was smaller at 1 J/sm°C than at 100 J/sm°C due to 

heat deterioration at higher conductivity 

coefficients. In other words, the expansion of the 

porous rock around the crack was lower at a 

conductivity of 100 J/sm°C than at 1 J/sm°C, 

leading to a lower crack closing tendency. 

According to Figure 14, the crack mouth pressure 

for both conductivities in the second scenario is 

higher than in the isothermal one. The pressure 

rise is expectedly higher at the conductivity of 1 

J/sm°C than that at 100 J/sm°C since the 

temperature near the crack mouth is higher at the 

conductivity of 1 J/sm°C. 

 

4. Conclusions 

In this paper, the extended element free Galerkin 

method is utilized to simulate the fully coupled 

thermo-hydro-mechanical process of propagation 

of hydraulic fracture in saturated deformable 

porous media. To achieve this goal, the 

momentum balance equation of the whole 

mixture, continuity of fluid phase in host medium 

and fracture medium as well as energy balance 

equation in the host and fracture media are 

considered. Weak and strong discontinuities are 

modeled using enrichment strategy with proper 

enrichment functions and the cohesive crack 

model is employed to incorporate the non-linear 

behavior of near crack tip material. Convective 

heat transfer through the injected fluid flow into 

the fracture medium is explicitly modeled and the 

effects of conductive and convective heat transfer 

on hydraulic fracture parameters such as crack 

length, crack mouth opening displacement and 

crack mouth pressure are investigated. Numerical 

results show the good performance of the 

developed computer program in coupling the 

governing equations. 

It can be concluded from the obtained results 

that the effects of heat flux at the injection area 

depend on factors such as the injection rate, the 

intensity of applied heat flux, the permeability of 

host rock, the permeability of fracture medium 

and the conductivity of porous media. This issue 

causes that the heat effects cannot be described as 

a constant effect. 
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