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Abstract

This paper presents a control volume finite element model (CVFEM) to
simulate simultaneous flow of two immiscible fluids in non-deformable
porous media. The method is fully conservative at the local and global level.
It keeps the data structure of the common finite element method (FEM). A
pressure-based formulation is presented in this paper. The proper choice of primary unknown variables is
a critical step in developing an efficient solution of the multiphase subsurface flow problems. Pressure-
based models are one of the common choices to this end. This type of models consists of strong nonlinear
terms and encounters convergence difficulties when the Jacobian matrix are poorly approximated. The most
severe problem is related to the relative permeability term that appears as a function of volume fraction (or
degree of saturation) of the wetting phase. Since water saturation is not a primary unknown variable, the
relative permeability terms become a function of two primary unknowns, i.e. wetting and non-wetting
pressures, together. A fully implicit first order accurate finite difference scheme is employed for temporal
discretization of the equations. A full Newton method with exact Jacobian is considered in this work, and
a rapid convergence has been achieved. The model is used to simulating a five-spot problem in a block
heterogenous porous medium.
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1. Introduction regarding instabilities and truncation errors

Numerical simulation of simultaneous flow of two
or three immiscible fluids in geological porous
media is of great interest in many engineering
disciplines. Areas of applications include, among
the others, natural gas and oil recovery,
geothermal energy utilization, underground waste
repositories, geological sequestration of CO,, and
underground gas storage. Numerical modelling of
such problems consists of a system of highly
nonlinear and coupled partial differential
equations. As a consequence, in addition to the
requirement of  extensive  computational
resources, they cannot be usually solved
satisfactorily ~ using  standard  numerical
techniques. Thus, a number of almost exclusive
numerical techniques have been suggested, e.g.
[1-4], for the treatment of numerical problems

associated with various nonlinearities involved in
these problems.

In general, the numerical schemes adopted
for modeling multiphase flow in porous media
consist of spatial discretization of mass
conservation  equations; their  temporal
discretization; and an iterative solver, such as
newton iteration, to solve the obtained system of
nonlinear algebraic equations. The studies of
modeling multiphase flow through porous media,
e.g. [5-8], identified that the choice of primary
variables for newton iteration has a significant
impact on computational performance of the
model.

One of the common selections of primary
variables is to select the fluid phases pressure,
which known as pressure-based formulation. In
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this approach, the governing equations are written
in terms of pressure in each phase through a
straightforward substitution of the Darcy’s
equation into the mass balance equation of each
phase. This approach is adopted by a number of
researchers, e.g. [9-11], and reasonable results are
reported. This approach works well when the
wetting phase effectively exists in the medium.

In this paper, we practice a CVFE model to
simulate simultaneous flow of two immiscible
flow in porous materials, with a full Newton
solver that can handle the severe nonlinearity
associated with relative permeability variation.

2. Governing equations
The system of concern is a an isothermal rigid
porous medium saturated with two immiscible
and incompressible fluids (wetting, w, and non-
wetting, n, phases). The multiphase system is
described using the assumption of superposition;
i.e. any spatial point, X, in the solution domain, is
simultaneously occupied by material points of all
phases, X,, while their motions are described
independently.

The flow of each phase is described using its
mass conservation equation:

Pa%+VT(napaVa)=O, a=w,n (1)

and the generalized Darcy’s law:

_ k K
v, qa=;‘ [,.9-Vp,] )

a

where n, denotes the volume fraction of phase a,

p stands density, Vo denotes the relative velocity
of phase o with respect to the solid skeleton, g is
the gravitational acceleration vector, g is the flux
of phase o, P stands for pressure, K is the absolute
permeability tensor, i denotes dynamic viscosity
and k; is the relative permeability that is related to
the volume fraction of the wetting phase, ny:

3
Ko =A (n,) @)
k,=G(n,) (4)

Fluids interaction can be considered using
empirical correlations relating the capillary
pressure,

P. =P, — pw:
n,=F (p,) (5)
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Indeed, the following constraint must be
satisfied:

nw+nn=n (6)

where 1 denotes porosity.
Differentiating Egs. (5) and (6) results:

dn
dn. =—dp =n’ (dp. —d
n, i p. =N, (dp, —dp,) @

dnn = —dnw (8)

Substituting Egs. (7) and (8) into Eq. (1) will
result in:

’ 6 W ! a n

(—nw,ow)fél?t +(n,0,) apt +V'(p,0,)=0 (9)
! apn r apW

(_nwpo) ot +(nwpo)E+VT (pnqn):O (10)

2.1. Initial and boundary conditions

Equations (9) and (10) represent a system of two
highly nonlinear and strongly coupled partial
differential equations defined on a domain Q
bounded by . The fluids pressure, Py, and Py, are
selected as the primary unknown variables. In
order to complete the system of equations, the
initial and boundary conditions associated with
the primary variables should be defined. The
initial condition should specify the fluid pressures
at time t=0:

p,=pl, att=0,onQandl (11)
Dirichlet boundary conditions are imposed as
prescribed values of the primary variables on the
boundaries:

pa = ﬁa' on 1—‘pa, (12)
and Neumann boundary conditions are imposed as
prescribed fluxes:

;
q, :{/’a ka[pag_vpa]} n, onT, (13)

a

where % is the imposed mass flux of phase a, n
denotes the unit outward normal vector to the
boundary:

n={n_ n nz}T (14)

ur,

=T T, Ur, =T

The conditions T, should
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hold on the complementary parts of the boundary.

3. Numerical solution

Hexahedral elements are employed in this work to
discretize the physical domain. The field variables
(p,,p,) are interpolated in terms of their

corresponding nodal values (p,,.p,):

P, =Np,, P, =Np, (15)

where N represents the standard finite element
shape functions for hexahedral elements.

3.1. Mass balance equations - CVFEM

In order to derive the CVFE formulation of the
governing equations (9) and (10) through a
procedure similar to the FEM, the following
weighting functions, W , are considered:

W, =H(S.5)Hm7)-H(S <) (16)
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where &,7,¢ are the standard natural (local)
coordination system of the element, the subscript
i denotes the element nodes, and H is the
Heaviside function:

1 x>0

17
0 x<0 (17)

H(X)={

This weighting function implicitly divides
the element into subdomains belonging to each
node. This is known as the subdomain collection
technique. Fig. 1-a shows the subdomain
corresponding to node i. As shown, there are
internal surfaces (abcd, abef, bcfg), namely
internal boundaries (I",,), that separate this
subdomain from the rest of the element.

The fundamental properties of the Heaviside
function include [12]:

ToT _ T oT _ T T _ TET =i
jﬂew % FdQ_IQS[l] v FdQ_jrs[l] F'n dr=jrew F'n dr+jrmw F'ndr (18)

where Q. and Q_ are the domain of the element

and the subdomain, respectively, that are bounded
by T, and T';, and F denotes a smooth vector

field.

Subdomain i

/ Control Volume
g

Fig. 1. Schematic representation of subdomain (a); and
control volume (b) around node i

Considering equation (18), the weighted residual
formulation of equations (9) and (10) over Q.,

and equation (13) over I',, can be written as:
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o, do+
ot

’ aF)W r
[w (_anW)EdQ+Iae W' p,n,

L W'q,".ndl" + fr_ W'q,".ndl"

w

]
_ k K
+Le w’ {qw —{pwz—[pwg —pr]} -nldf =0

(19)
T ' 6pn T rapw
J.QEW (—pnnw)EdQ"rJ.QEW pnnWEdQ+

J'r W'q,".ndl +_[r_ W'q,".ndT

]
= I(rn|'<
+LE W’ [qn - {pn ﬂ—n[png ~Vp, ]} -n}df =0

(20)
As it can be seen, the internal boundaries appeared
in the integral form of the partial differential
equations. This is the main difference of the
CVFE formulation comparing with the FEM.
Using the interpolatory representation of the
field variables (equation (15)), the discretized
form of the mass balance equations can be written
as:
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P,. P, +C,, Py +f" £ =0 (21)
ot

Co P, P., Py +f" +f =0 (22)
ot

where the coefficients are listed below:

P, = jﬂ W' (-p,n, )NdQ (23)

P = W' (=p,n;,)NdQ (24)

Co = |, W (p,1;,)NAQ (25)

C., :jﬁ W' (p,n, )NdQ (26)

fim = jr_ W'g, " .ndl (27)

fim = L_ W'q,".ndl’ (28)

fot =] wg,dr (29)

fr =] wigdr (30)

The final set of the nodal equations can now
be constructed using the standard assembling
algorithm of the FEM. This will join the
subdomains from all adjacent elements and forms
a bigger subdomain, namely control volume,
around each node (Fig. 1-b). Considering the
choice of weighting functions (as shown in
equation (16)), all the integrals in equations (21)
and (22) will be automatically zero outside of the
corresponding control volumes. It means, the
mass balance equations are, in fact, satisfied inthe
control volumes, although they are presented at
element level. In addition, the flux terms, which
are discontinues between the adjacent elements,
are only appeared in surface integral terms on the
internal boundaries (as shown in equations (27)
and (28)). Consequently, discontinuity of the
velocity field between adjacent elements does not
affect the local conservative characteristic of the
calculations over the control volumes. Indeed,
construction of the control volumes is embedded
in the formulation, and there is no need to
construct a dual mesh system. The discrete
approximations follow the standard FE practice,
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the FEM data structure is retained, and the discrete
equations are processed in elements loop.

3.2. Temporal discretization

Spatial discretization of the governing equations
has been carried out in the previous sections. The
resulted equations (21) and (22) represent a set of
ordinary differential equations:

P,
P C T fint fext
SN P 0 B P R 1)
an Pnn a& fvlvm fnext
ot
Temporal discretization of this system is

performed by the fully implicit first order accurate
finite difference scheme. It results in the following
nonlinear equation:

o] [ o] ] ]
an Nl C"W Pn” n+l Pn n+l At fr:m n+l
+ ext - =0
At fn Nl an I:)nn Nl P, n
(32)

where At=t,, —t is the time step increment,
and the subscripts n and n+1 denote time steps.

3.3. Linearization and solution strategy

Linearization of the system is performed using the
Newton-Raphson algorithm. Through expanding
equation (32) with the first-order truncated Taylor
series, the following linear approximation can be

obtained:

i+1 i
Ji |:pr:|| __|:Rpwi|

n+1 -
Apn n+l an n+1

where the subscripts denote iterations, and J is
the well-known Jacobian matrix. By finding the
solution of the linearized system of equations (33)
, that is the increment of the nodal degrees of
freedom, the corresponding nodal unknowns are

subsequently attained through the following
incremental relation:

|:pw:|i+1 B |:pw:|i |:pr:|i+1
= +
Py n+l Pn n+l Apn n+l

(33)

(34)
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This implies that the vector of the nodal unknowns
is improved at each time step as the iterative
algorithm proceeds. This iterative process
continues until the residual vector, R, vanishes
within the giventolerance. The Jacobian matrix in
the full Newton-Raphson algorithm is defined as
oR! 1 oX!

n+l n+l*

P +AL(P,,) C,,+AtC,,

J = _ _
C,+AtC,, P, +At(P,)

n+l

(35)

in which the partial derivatives are calculated as:

int T T
P, = o, :_I w' {[pw kK VNJ .n} dr+
ap, e Iz

w

T

;
L w’ {{prgl:w n, pWVNj .n} dar
f, on,
(36)

int T T
5nn=3fn = w’ {(pnk”‘—KVNJ .n} dr
apn Fin Hy

T T
k
—Ir W' {(pnﬁz m n;anNj .n} dar
int M, on,
.

int T
C.. =af—W:f_[ w' pwﬁa(—“wnv’vaVN np dr
apn Fin al’]W

(37)

Hy
(38)
int T
C,= o,y =j W' {(pniak”‘ n, anNj .n} dr
op, Hy 0N,
(39)

4. Numerical example

To show the efficiency of the proposed algorithm,
a quarter of a five-spot water-flooding problem
with a central low permeability zone is considered
(Fig. 2). The central core region has an absolute
permeability K =15 millidarcy and the
surrounding region has K =1.5 darcy. The low
permeability zone forms a barrier that splits the
fluid flow in two parts. The relative permeability
of each phase in this example is expressed by:
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n

wsat | 'wres

2 (2+2)1 2
k :[1_ Mo~ Nures J 1_|: Ny~ Nyres :|
ro
Nysat — Nures MNysat ~ Mures

(41)
is the volume fraction of the water
phase at zero suction, n,,.. is the residual volume
fraction of water at very high suction, 1 is a
fitting parameter related to the pore size
distribution. The following relation is assumed

between the volume fraction of water and the
capillary pressure:

0 0 (2+32)14
krW :( W Wres j (40)

where n

wsat

A
Ny, = Nyes + (nwsat ~ Niyres )|:%:| (42)

c

where p, is the displacement pressure for the

water phase. The reservoir is initially saturated
with 28% of water and 72% of oil, and the initial
pressure is equal to zero. Water is injected into the
domain from the lower left well and with the rate
of 1600 liters per day, while the mixture of oil and
water is produced from the upper right well. The
total pore pressure at the production well is equal
to zero, so the following system of equations
should be considered:

n n
p=—p,+@-—")p, =0. (43)
n n

P. = P, — Py (44)

These equations are iteratively coupled with
the whole system to ensure the fulfillment of the
above-mentioned restrictions at the production
well. The other relevant material properties and
model parameters for this simulation are listed in
Table 1. The contour plot of water saturation
distribution after 1000 days of injection and also
the streamlines are shown Fig, 3. As it can be seen,
due to the very low permeability of the central
zone, water front does not penetrate this zone and
prefersto go through the higher permeable region.

In a similar example we can make the central
zone more permeable than its surrounding in 3
orders of magnitude, i.e. 1.5 darcy for the central
zone and 1.5 millidarcy for the surrounding.
Similar contour plot of water saturation
distribution and the streamlines are shown in Fig.



Joumal of Petroleum Geomechanics; VVol. 5; Issue. 3; autumn 2022 Treatment of relative permeability term ...

for this problem with high permeability in the
central zone. As it is seen, injected water has

smoothly entered and passed

permeability zone. Ae expected, water flow has
more concentrated in the central high permeable

Zone.

Table 1. Material properties and model parameters

Rock porosity, %
Oil viscosity, cP
Water viscosity, cP
il density, ton/m?

Water density, ton/m?

n=0.208

Relative permeability fitting parameter
Displacement pressure for water, kPa

Water residual volume fraction, %

N, =0.045

wres

0.25 0.45

0.65 0.85

L vy

re—

. T T /::duﬁlon
i I wiell

X

el
r _“E r X
In]ectlonuell“
Fig. 2 Geometric configuration for the block
heterogeneous problem.

Fig. 3 Water saturation contours and streamlines for the block heterogeneous problem with low

permeable central zone
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Fig. 4 Water saturation contours and streamlines
for the block heterogeneous problem with high
permeable central zone

5. Conclusions

In this paper, a CVFE solution of two-phase flow
in geological porous media is presented. The
discrete approximation follows the standard FE
practice, and the FEM data structure is retained.
The proposed solution satisfies the local and
global conservation of mass, which has been
demonstrated to be crucial in problems with
distinct saturation shock front. A fully implicit
first order accurate finite difference scheme has
been employed for temporal discretization of the
equations. A full Newton method with exact
Jacobian is used to handle the nonlinearity of
relative permeability terms in the system. A
couple of five-spot water-flooding problem, with
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a central low and high permeability zone, has been
chosen to illustrate the efficiency of the solution
algorithm.
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