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The static Young’s modulus (Esta) and the uniaxial compressive strength (UCS) are

ucs, key parameters in the geomechanical study of hydrocarbon reservoirs. These
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parameters are typically estimated using empirical models that relate the strength and
elastic parameters of the rock to their petrophysical properties. In the present research,

the existing empirical models in the literature (specifically for carbonate rocks) were compiled and investigated, this
was followed by performing experimental tests on 27 core samples to measure the porosity (n), the density (p), the
compressive and shear wave velocities (Vp and Vs, respectively), Esta and UCS for a carbonate gas reservoir in the
south of Iran. Next, particle swarm optimization (PSO) and regression analysis (RA) were conducted to develop
estimator models for the Esta and UCS. Results of this study showed that the best models produced by the PSO
algorithm were more accurate than not only the best models produced by the RA, but also the models proposed by
previous researchers by 7% and 48%, respectively, for the Esta and by 10% and 7%, respectively, for the UCS. On
this basis, it was strongly recommended to apply the empirical correlations developed through the PSO for more

accurate estimation of the studied parameters across the investigated field and similar fields.

1. Introduction

The static Young’s modulus (Esta) and the uniaxial
compressive strength (UCS) of the intact rock are
crucial parameters in geomechanical analysis [1] and
have numerous applications in the construction of
mechanical earth model (MEM) and rock failure
criteria [2, 3]. Being among the strength and elastic
properties of rock, respectively, the Esta and UCS can
be measured according to ASTM standard codes or the
ISRM-recommended methods in the laboratory [4, 5].
However, the required experiments are destructive and
both time- and cost-intensive. In addition, adequate
number of samples with required condition for
performing such tests is not always available. This is
especially important for the measurement of Esta and
UCS of the formations in the hydrocarbon reservoirs,
where the core samples from hydrocarbon wells are

highly limited in number and costly to retrieve.
Accordingly, engineers have been searching for rapid
and cost-effective methods for estimating the values of
Esta and UCS at minimum possible error.
Additionally, the mechanical and strength properties
of the rocks are highly variable, being largely
dependent on the amount and distribution of porosity,
cementation degree, and the particle size and shape
[6]. Consequently, establishing a unique relationship
between static and dynamic parameters of rocks is
extremely challenging. In this respect, data analysis
methods have been used to identify robust associations
to relate the Esta and UCS values of a rock to the
physical properties of the rock.

Given the abovementioned circumstances, humerous
research works have been performed to estimate the
values of Esta and UCS using low-cost and widely
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available data, such as the data obtained upon
measuring the physical parameters of a rock (density
and porosity), non-destructive ultrasonic tests (Vs and
Vp) and the dynamic moduli of the rock (Edyn, vgy,),
leading to the presentation of many relations for
various types of igneous, metamorphic, and
sedimentary rocks using different data analysis
methods including the regression analysis (RA),
intelligent algorithms, etc. for fields in different
regions [7, 8]. Regarding sedimentary rocks, the
estimator relations for the Esta and UCS have been
mainly developed for three classes of rocks, namely
sandstones, shales, and, in particular, carbonate rocks
[9].

Carbonate formations are responsible for more than
60% of the hydrocarbon reservoirs around the world
[3,10, 11] .In addition, the largest oilfields in the world

have been formed within the carbonate formations
[12]. Accordingly, many efforts have been made to
develop estimator relations for the Esta and UCS in the
carbonate formations, and this topic has been regarded
by the research even more during the recent past (see
for example [2, 3, 6, 9, 12-22].

Compared to other sedimentary formations, the
carbonate rocks usually come with higher degrees of
heterogeneity and structural complexity [11, 12, 20] .

so that the characteristics and behaviors of the
carbonate formations are highly variable not only from
one formation to another, but also within a single
formation [12]. Therefore, the relations developed for
estimating the strength and elastic properties (Esta and
UCS) of a carbonate rock are usually specific to that
particular rock unit, and it is usually not possible to use
the relations that were originally developed for a
particular formation to estimate the values of Esta and
UCS in another formation.

An investigation into the studies performed on the
estimator models for the Esta shows that such models
have been based on five parameters, namely the
porosity (n), the density (p), the compressive and shear
wave velocities (Vp and Vs, respectively), and the
dynamic Young’s modulus (Edyn). When it comes to
the UCS, in addition to the mentioned five parameters,
the static Young’s modulus (Esta) has been also taken
into consideration.

The majority of the models developed so far have been
based on four parameters, namely n, p, Vp, and Vs.
This has been because of the ease of measuring such
parameters in the laboratory using non-destructive
tests (NDT) and availability of the corresponding logs
to the four parameters for most of the wells drilled into
oil and gas fields. Accordingly, the static Young’s
modulus and uniaxial compressive strength of the
corresponding formation along the well can be
estimated once their association with one or more of
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the four parameters was identified. In the meantime,
several remarks must be considered before
developing/applying such correlations, which are less
regarded in the existing literature:

The rock porosity can be measured with a number of
different methods. In the relationships developed for
carbonate rocks, for example, the porosity has been
measured through different methods, including the
water absorption method [3, 14, 15], mercury
injection [17] and helium injection. The differences
among these methods might affect the accuracy of the
developed model.

Knowing that the mentioned models are frequently
developed based on data-driven methodologies;
accuracy of the model outputs has contributions from
the amount of available data. In this respect, a larger
volume of data implies that a more accurate and
generalizable model can be achieved. Lack of access
to adequate number of cores for study represents a
super challenge in the research works in the field of
the oil industry, strongly limiting the number of
estimators for Esta and UCS.

The artificial intelligence (Al) and regression analysis
(RA) methods have been the most frequently
approaches toward the development of estimator
methods for the Esta and UCS. The available volume
of data acts as a factor that contributes to the choice of
the methodology for model development. In this
respect, the Al algorithms (e.g. neural networks)
require larger volumes of data, as compared to the
stochastic methods such as RA. For example, although
there is no mathematical relationship to evaluate the
minimum required volume of data for achieving an
adequately accurate and reliable model based on the
structure of a multilayer perceptron (MLP) neural
network (NN), but a rule of thumb indicates that the
volume of the data must be at least 10 times as large
as the number of unknowns (sum of weights and
biases) of the network. A review of the previous works
shows that this data adequacy has been widely ignored
in some studies.

A study on the developed models for carbonate rocks
shows that most of these equations are based on the
experiments performed on the specimens taken from
the exposed outcrops (Appendix 1). Accordingly,
application of the equations developed based on the
results of the tests performed on surface samples for
estimating the values of Esta and UCS of a deeply
buried reservoir formation may end up with significant
errors due to the remarkable differences in the stress
history, involved fluids, and coring conditions, which
could have acted to change the mechanical behavior of
the rock.

In this study, laboratory-measured physical properties
(n, p, Vp and Vs) of the samples taken from two wells
drilled into a carbonate formation in a gasfield in the
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south of Iran were used to develop an estimator model
for the Esta and UCS. For this purpose, we began with
compiling similar correlations proposed by previous
researchers and evaluating their accuracies for
estimating the Esta and UCS values on the studied
samples. Next, based on the available data, the particle
swarm optimization (PSO) and linear and nonlinear
bivariate regression analysis (BRA) were used to
develop estimator models, with their results then
compared to one another.

2. Sample preparation and experimental
procedure

2-1. Sample selection and preparation

The studied interval represented the reservoir horizon
in a gasfield in the south of Iran near the Persian Gulf.
Geologically, the Kangan and Dalan Formations were
the main constituents of the gasfield [23]. Comprising
a total thickness of about 450 m, the Kangan and Dalan

CT-scan image Thin section image (Polarized light)
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Formations are mainly composed of limestone and
dolomite with anhydrate interbeddings. Accordingly,
for the sake of the present research, a total of 27 core
samples taken from two wells drilled into this field
were considered. Of the pool of 27 core samples, 12
core samples were retrieved from the first well, with
the remaining 15 cores taken from the second well.
Macroscopic and microscopic evaluations of the core
samples showed that, in terms of texture, those were
composed of limestone and dolomite crystals with
grains of ooids, oncoids, and intra-clastic particles,
though anhydrate cements have been also observed on
some samples [24]. Figure 1 demonstrates the images
of CT scans, microscopic analysis, and typic thin
sections of the collected rock samples from the studied
reservoir interval. The CT scan images were used to
not only determine the rock type, but also to check for
the presence of the cracks and fractures in the samples.

Macroscopic image

Fig 1. Images of CT scan, microscopic analysis, and typic thin sections of the studied samples|[v¥]
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2-2. Experimental procedure

Nondestructive measurements were performed on all
samples to evaluate the required parameters, including
the density (through dimensional measurement),
porosity (through gaseous helium injection), and Vp
and Vs at room temperature. Figure 2 shows the
experimental setup used to determine the ultrasonic
wave velocity in this study. Subsequently, the samples
were subject to UCS tests where radial and axial
strains were further measured (Figure 3). The static
Young’s modulus (Esta) was measured based on the
secant modulus at 50% UCS (i.e. Es(50)) [4]. Table 1

provides the statistical evaluation of the results of the
measurements experiments performed on the 27 core
samples based on lithology. It is worth noting that the
values of the dynamic Young’s modulus in this table
were calculated from Equation (1).

3V —4V2
_ 2 P N
b = P X( A )
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Fig 2. Experimental apparatus for ultrasonic wave velocity
measurement.
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Fig 3. Configuration of the uniaxial testing apparatus for
measuring the UCS and Esta.

Table 1. Statistical evaluation of the physical, elastic, and strength parameters including density, porosity, compressive and
shear wave velocities, UCS, Esta and dynamic Young’s modulus (Edyn) based on lithology.

Lithology

Dolomite Limestone
Number of 12 15
samples
Statistical Min Max Average Standard Min Max Average Standard
indicators Deviation Deviation
p (g/cc) 1.94 2.84 2.32 0.36 2.04 2.80 2.40 0.25
n (%) 1.16 28.62 17.13 10.68 1.74 24.83 13.35 7.67
Vp (km/s) 2.88 5.14 3.75 0.86 3.01 4.80 3.78 0.59
VS (km/s) 1.65 291 2.19 0.49 1.59 2.71 2.17 0.41
ESta (Gpa) 6.05 62.92 23.00 22.84 4.88 39.94 20.78 12.19
UCS (Mpa) 10.15 167.13 53.81 55.87 14.98 136.33 55.70 39.87
Edyn (GPa) 13.48 60.56 30.53 18.63 13.71 47.82 29.92 12.59

3. Evaluation of the existing empirical

correlations

Previous researchers have proposed numerous
correlations for estimating the Esta and UCS in the
carbonate rocks. This section evaluates the efficiency
and accuracy of these correlations for estimating the
Esta and UCS on the samples considered in this study.

For this purpose, based on a review of the relevant
literature, all of the estimator correlations developed
for the Esta and UCS based on the porosity, density,
compressive and shear wave velocities, and static and
dynamic Young’s modulus in the carbonate rocks
were extracted and classified. The correlations were
then evaluated based on the values of the root-mean-
square error (RMSE) (Equation 2) and correlation
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coefficient, R2 (Equation 3) for the experimental
results obtained in the present study.

NYxy—-XxXy

R? =
VINEx? = E0?INZy? = (Zy)?]

RMSE =

In the abovementioned relationships, the R2 and
RMSE were calculated for N pairs of data points from
the predicted (x) and measured (y) values.

Tables 9 and 10 Appendix | provide a complete set of
the results of all of the compiled correlations for
predicting the Esta and UCS, respectively. Among the
entire pool of the correlations evaluated in this study,
the best estimators of the Esta and UCS — indicated by
the minimum RMSE considering the type and
combination of the input parameters — are listed in
Tables 2 and 3, where the correlations are sorted in an
increasing order of RMSE. These tables were
established for cases where the researcher has access
to a particular rock property and seeks for the best
estimation based on that available parameter.
Although the value of RMSE must be interpreted in
proportion to the scale of changes in other parameters,
but as observed in the tables, the correlations presented
for the static Young’s modulus exhibited generally
lower RMSE values than those proposed for the UCS.
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Among the best correlations for estimating the Esta, as
listed in Table 2, the one proposed by [25] was found
to be the most accurate. This indicates that one may
obtain more accurate estimations of the static Young’s
modulus by considering the dynamic Young’s
modulus in the same field. Qualitative investigation of
the top model in Figure 4a shows that the model
underestimated the Esta significantly.

Investigation of the best models for estimating the
UCS based on the data presented in this research (as
detailed in Table 3) shows that the correlation
proposed by [26] outperformed the other correlations
by adopting a merely single-parameter (i.e. the
porosity) equation. This implied that, for the data
encountered in the present study, one can achieve an
empirical model of higher accuracy by focusing on the
porosity rather than the other parameters. Qualitative
assessment of this model in Figure 4b shows that the
model tended to overestimate the UCS values lower
than 40 MPa while underestimating the ones above 70
MPa.

A very interesting point to note about the considered
model was the higher accuracy of the single-parameter
models rather than those that were developed based on
a combination of multiple input parameters for
estimating the Esta and UCS. Accordingly, it seems
that the models developed on the basis of two or more
parameters were more accurate than their single-
parameter counterparts for the specific field for which
those were developed, but rather provided limited
generalizability compared to the single-parameter
models.

Table 2. The best empirical correlations for estimating the Esta based on the data from the studied field, separated by the type
and combination of the input parameters used to develop the model (ranked by RMSE).

par:erelgr ) Equation F({c';/l le)z R-squared  Researcher (Year)
Egyn Etq = 1.153E4,, — 15.2 3.12 0.86 [25]
n Egq =69—19.31n (n) 5.89 0.89 [24]
v, Estq = 0.169V,3-324 9.81 0.94 [6]
p.nV, Vs  Egq=—23.689+2.99p — 0.36n + 19.835V, — 19V, 13.48 0.89 [27]
pP.Eq Egpq = 10(002+0.7108 (PEayn)) 20.53 0.94 [28]
p Egq = 3.98 X 52380 23.65 0.86 [29]
p vy Egtq = 76.534 — 2.709p + 0.271n — 11V, 29.52 0.93 [30]

Esta: (GPa), Eayn: (GPa), Vp: (km/s), Vs: (km/s), p: (g/cc), n: (%)
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Table 3. The best empirical correlations for estimating the
UCS based on the data from the studied field, separated by
the type and combination of the input parameters used to
develop the model (ranked by RMSE).

Input RMSE

2
parameter(s) (MPa) R Ref.

Equation

ucs

n =147.16 1515 090  [26]
Xe—0.0835n

ucs

=128
X (Edyn
/10)1.32

Egyn 1802 086  [6]

ucs
Esta =227Ey, 1777 086  [31]
+4.74

Uucs

j 2'?40,834 1935 087  [32]
sta

/n0.088

Esqi N

v, UCS = e®% 2349 074  [33]

ucs
p =7074pgr, 2927 079  [34]
— 116.26

ucs
Esta =251 3215 084  [35]
><EStaO.?A

Uucs

V,p = 14247 3375 080  [36]
% e—9:561/(pVy)

ucs

= —-92.305
p.n, Vp + 33.66p

—0.61n

+12.27V,

+ 3V,

3510 083  [27]

UCS: (MPa), Esta: (GPa), Edyn: (GPa) Vp: (km/s), Vs:
(km/s), p: (g/cc), n: (%)

4. Estimator model development tools

Knowing that Al-based methods (i.e. NNs) required
huge amounts of data to produce reliable results while
the experimental data on only 27 core samples was
available in the present work, the use of Al methods
was infeasible for this work. Accordingly, regarding
the widespread success of the evolutionary
optimization algorithms in the engineering problems
for determining optimal coefficients of empirical
models and the pervasive application of the RA, such
algorithms were used for the development of empirical
estimators for the Esta and UCS. Each of these
algorithms is briefly described in the following.

4-1. PSO algorithm

Proposed by [37], the PSO is an evolutionary
collective intelligence-based algorithm that simulates
the hunting behaviors of the fishes or birds. Thanks to
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its simple understandable structure, this algorithm has
drawn many researchers’ attention. In the field of
petroleum geomechanics, the PSO has been frequently
applied as learning algorithm for NNs and adaptive
neuro-fuzzy inference systems (ANFIS) or to
determine constants of the empirical models [38, 39].

70 RMSE = 3.9293 & R-square = 0.96374
T T T T

O  Data point o
Y=T

60 [

Best linear fit o

(GPa)

sta
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L I L L I L
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Fig 4. Cross plots of (a) measured-versus-estimated
static Young’s modulus using the Nur and Wang, 2000
model, and (b) measured-versus-estimated UCS using the
Kili¢ and Teymen, 2008 model.

In this algorithm, each particle possesses two
properties, namely a position (x) and a velocity (V),
with the position being a desirable solution for the
optimization problem in the search space. Firstly, the
position and velocity of each cell are set on a random
basis while maintaining the constraints applied to the
particles. The set position for each particle is stored as
its best personal position (Pb). Subsequently, the
objective function is used to evaluate the position of
every single particle, and the particle for which the
objective function returns the minimum value is
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selected as the best position of the particle generation
(Gb). At each iteration, a new velocity (Vi (t + 1)) is
updated dynamically for each particle (i) with
reference to its previous velocity (Vi (t)) and the
distance between its current position (xi (t)) from the
best personal position and the best position of the
particle generation (Equation 4). The new position of
each particle is then updated based on its previous
position and the updated velocity (Equation 5).
Subsequently, the new position of the particle is
evaluated through the objective function and the best
personal and generation positions are updated by
comparing the new values of the objective function
with the previous best personal and generation
positions. This iterative process is continued until the
“stoping criterion” is met [40-44].
Vi(t +1) = wVy(t) + ¢171 (Ph;(1) — x; (1))
+ ¢, (G (8) — x;(8))
x(t+1) =x;@)+V(t+1) 5

herei=1,2, ..., nwith n being the number of particles
in the swarm, w is the inertial weight (the recurrence
rate controls the particle velocity [45]: c1 and c2 are

positive coefficients called personal and collective
learning coefficients, respectively, and r1 and r2 are
random numbers in the range of [0, 1] [46].

4-2. Regression analysis

In the statistics, the process through which a
correlation is developed between a dependent variable
and one or more independent variables is known as the
regression analysis (RA), and the models developed in
this way are called regression models. A regression
model linking some independent variables to a
dependent variable can be either linear or nonlinear.
Equation (6) expresses the mechanism through which
a dependent variable Y is calculated from the
independent variable X via linear RA.

Y=a+pX+e¢ 6

In this equation, a and B are the intercept and slope of
the fitted line, respectively, and ¢ is the deviation
between the observed and estimated values of Y —
termed as residual. In the linear RA, the objective is to
find the values of o and B in Equation (7) in such a way
to minimize the residual sum of squares (RSS) over
the entire set of data (n data points), as expressed by
Equation (8). In the statistics, this methodology is
known as least squares method, for which two
assumptions are considered [47]: (1) the relation
between X and Y represents a straight line, and (2) the
residuals are independent and exhibit a normal
distribution with a variance of 62 around a mean value
of 0.
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Y=a+pX 7

n
RSS = ng 8

i=1
The least square method has been also applied in the
nonlinear models, but its mechanism of action is
slightly different depending on whether the nonlinear
model can or cannot be converted to a linear model.
5. Results and discussion
Investigation of the variation of the dependent variable
with different independent variables in the form of
scatter plots — before applying the estimator tools — can
largely help determine the most effective parameters
and appropriate model to relate them. Figure 5
presents the scatter plots of the porosity, density,
compressive and shear wave velocities, and the
dynamic Young’s modulus, as independent variables,
against the laboratory-measured static (secant)
Young’s modulus, as the dependent variable. As
observed on this figure, it seems that the independent
variables were exponentially related to the static
Young’s modulus, though the effect of the dynamic
Young’s modulus on the static Young’s modulus
could be well represented by a linear equation. Except
for the porosity, which exhibited an inverse
association with the static Young’s modulus, the other
parameters shown in Figure 5 were found to be
directly related to the static Young’s modulus, so that
the modulus increased with increasing the mentioned
parameters.
Figure 6 demonstrates the scatter plots of the porosity,
density, compressive and shear wave velocities, and
the dynamic Young’s modulus against the UCS values
measured in the laboratory. The figure implies that
relationship between each of the independent variables
and the UCS were governed by a nonlinear
exponential equation, though here again a seemingly
linear relation was observed between the static and
dynamic Young’s moduli, in one hand, and the UCS,
on the other hand. This figure clearly indicates that all
of the considered parameters were directly correlated
to the UCS, except for the porosity, which exhibited
an inverse association with the UCS.
Although the assessments performed so far revealed
the models governing the inter-parameter relations
partly, yet accurate determination of the governing
model required the application of estimator tools.
Accordingly, application of the PSO and RA for the
development of empirical models for estimating the
static Young’s modulus and UCS is discussed in the
following.
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Fig 5. The relations between (a) porosity, (b) density, (c)
compressive and shear wave velocities, and (d) dynamic
Young’s modulus, in one hand, and the laboratory-measured
static Young’s modulus, on the other hand.
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Fig 6. The relations between (a) porosity, (b) density, (c)
compressive and shear wave velocities, and (d) dynamic
and static Young’s moduli, in one hand, and the laboratory-
measured UCS, on the other hand.

5-1. Development of empirical correlations
using the PSO algorithm

In order to utilize the PSO algorithm for developing
estimator models, the basic forms of the empirical
equations presented in the literature on the Esta and
UCS were identified. Presented in Table 4, these basic
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forms were composed of a number of constant
coefficients (c (i)) and input parameters (IP (i)). The
output parameter (OP) of these basic forms was either
the Esta or the UCS. Given that the IPs and Ops were
known — as those were actually measured in the
laboratory — the PSO algorithm was run in an attempt
to determine the values of the constant coefficients
optimally. The constant coefficients served as the
decision variables in the PSO; i.e. those had to be
determined in such a way to minimize the RMSE of
the model. Following a trial-and-error approach, the
maximum number of constant coefficients included in
these basic forms was set to 100. Trying to identify the
optimal number of particles, it was found that the
algorithm would converge to a solution in less than
300 iterations. Accordingly, the maximum allowable
number of iterations was set to 300.

To ensure physically meaningful solutions and prevent
unrealistic parameter estimations, constraints were
incorporated into the optimization process.
Specifically, upper and lower bounds were imposed on
the constant coefficients to restrict them within a
reasonable range based on prior knowledge and
empirical correlations. These bounds prevented the
algorithm from exploring infeasible regions in the
search  space, improving solution stability.
Additionally, a penalty strategy was employed to
handle constraint violations. If a particle moved
beyond the predefined bounds, its objective function
was assigned an infinite value, effectively eliminating
infeasible solutions from further consideration. This
ensured that the PSO prioritized feasible solutions
while maintaining exploration capabilities.

Table 4. The basic forms identified by investigating the
existing empirical correlations for estimating the values of
Esta and UCS and applied constraints on the coefficients.

Number Number of
Basic form of . Constraints
. coefficients
input(s)
oP
=c(1) x IP(i) 1 2
+c(2)
oP . 1 5
= c(1) x e“@X1PO 0.00001 < c(1)
op 1 ’ <1000
= c(1) X IP()*® -300 < ¢(2),
opP ¢(3) and c(4)
=c(1) 2 4 <300
x @C@XIPH) @IP(j)<®
opP
=c(1) x IP(k) 3 5

« @€@XIPE WP ()<

Table 11 (Appendix Il) provides a list of the PSO-
derived estimator models for Esta based on the data



Journal of Petroleum Geomechanics; Vol. 0; Issue. 0; autumn 0000

considered in this study, with the models classified
based on the type of the IP and the core function.
Among these models, the best ones are tabulated in
Table 5, where the models are classified by the IP. As
indicated in Table 5, one could utilize an exponential
equation to estimate the static Young’s modulus from
the dynamic Young's modulus at high accuracy. This
correlation provided significantly higher accuracy in
estimating the Esta, as compared to the one proposed
by [25]. On the other hand, investigation of the cross
plot of the measured values of Esta versus the
estimations produced by the best model derived via the
PSO (Figure 7a) showed that the best fitted line ended
up laying on Y =T, showing that the developed model
was neither systematically overestimating nor
underestimating the actual values. Variations of error
through successive iterations of the PSO algorithm
when attempting to develop the model are
demonstrated in Figure 7b. As indicated on this figure,
the algorithm converged to an optimal solution in less
than 100 iterations.

Table 5. The best models developed, using the PSO, for
estimating the Esta based on the studied data.

Input RMSE

i 2
parameter Equation s R
Eayn  Feq = 00691ELS5 211 098
E
Vs —0.3098¢18103% 330 096
Vy Egtq = 0_0952%3.9545 414 0.94
Esta
" = 61.1913¢-0:893n 5.22 0.91
Esta 5 28 O 90
P = (0.033226215p . )

The PSO model was further used to develop estimator
models for the UCS based on the data utilized in this
work. The relations obtained through this approach are
given in Table 12 (Appendix). The model selection
(i.e. to select the best models in terms of the type and
combination of the IPs) was performed based on the
resultant error, with the results presented in Table 6.
As observed in this table, among the relations explored
in this study, the highest level of accuracy was
provided by the exponential model driven by a single
IP: the porosity. The associated error with this single-
parameter model was significantly lower than that of
the multi-variable correlations. A comparison between
this best model and the one proposed by [26] — which
was known to have outperformed the other UCS
predictor models in the literature — showed the
superior accuracy of the model developed by the
authors in the current study. The cross plot of the
measured values of UCS against estimations produced
by the best-fitted model derived via the PSO (Figure
8a) showed that the developed model neither
systematically overestimated nor underestimated the
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actual values. An investigation into the evolution of
error at different iterations (Figure 8b) showed that
this algorithm could achieve to the optimal solution at
some iteration around the 60th.

RMSE = 2.106 & R-square = 0.9849
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Fig 7. (a) Cross plots of the measured static Young's
modulus and the corresponding estimate produced by the
best-fitted model using the PSO, and (b) variations of error
through successive iterations of the PSO for the best-fitted
model.

5-2. Development of empirical equations using
the RA

Results of the PSO-derived model for estimating the
Esta and UCS were validated through the regression
analysis — a popular method for developing empirical
correlations in the past, as mentioned in the literature
review.

The models built upon applying the RA for estimating
the Esta are presented in Table 13 (Appendix II). A
comparison between this table with the results of the
PSO-derived model for estimating the Esta (Table 11,
Appendix 1l) shows that the two methods produced
similar results using the corresponding linear models.
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It was while the PSO algorithm outperformed the RA
when it came to the nonlinear models. This finding
clearly indicated the weakness of the RA for
developing nonlinear models. This could be attributed
to the sensitivity of the least squares method to non-
normality of the data. In addition, the RA method is
suitable for modeling the variables that are known to
be linearly related to the target variable.

Table 6. The best models developed, using the PSO, for
estimating the UCS based on the studied data.

Input
parameter Equation RMSE R?
(MPa)
(s)
n chs6 4sogse-oooron 1411 091
ucs
Vpp.n  =2599612 x n~0% 1469  0.90
x e_68_7524p—3.0119vp—1.1706
ucs
Egamn =13.3878 x E,,%%%°1 1555 0.89
/n0.2308
Egyn UCS = 0.2111E;,,°° 16.92 0.86
Egta UCS = 3.0347E%2484 17.29  0.86
p UCS = 0.1218p%775¢ 17.33  0.86
Vs UCS = 0.8356e!78%2s 1778  0.85
ucs
Vy = 58.0776V, 2191 0.77
—164.0326

Table 7 presents a list of the best estimators obtained
by the RA for estimating the Esta, with the results
sorted based on the minimal estimation error and
classified by the IP. According to this table, it is
evident that the maximum accuracy was obtained
when the Esta was estimated from the Edyn through
some exponential equation, as compared to the other
models reported in the table. However, this model was
still less accurate than the best model built through the
PSO. The cross plot of the measured values of the Esta
versus estimated values of that by the RA-derived
model (Figure 9) shows that the model tended to
significantly underestimate the Esta at UCS values
beyond 35 MPa. In this respect, the use of this model
is not recommended for high UCS values.

The UCS estimator models built through RA based on
the studied data in this work are presented in Table 14
(Appendix I1). With reference to the associated error,
the best equation for each IP was selected from the
table and listed in Table 8 for further analysis. As seen
on Table 8, the exponential porosity model produced
the most accurate estimations of the UCS.
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Fig 8. (a) Cross plots of the measured UCS and the
corresponding estimates produced by the best-fitted model
using the PSO, and (b) variations of error through successive
iterations of the PSO for the best-fitted model.

Table 7. The best models developed, using the RA, for
estimating the Esta based on the studied data.

Parameter Equation RMSE(GPa) R?
ES[’tl

Egyn _ 0.0893E&'y5585 2.26 0.96
E

Vs Z03372017095% 3.38 0.91
E

v 0 434 0.93

r = 0.05671;,+3034

E

P = 0.0339¢ 260360 532 0.92

n Esta 5.38 0.92

= 57.293¢70085n
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Fig 9. Cross plot of the measured Esta and the corresponding
estimates produced by the best-fitted model using the RA.

Although the proposed methodology is focused on
developing single-variable models, yet the comparison
of such models in terms of the development method
(RA or PSO) and the IP showed that different best
functions were selected for different development
methods with Esta and p as IP. Comparison of the error
associated with these two methods for estimating the
UCS indicated low level of the error for the models
developed by the PSO algorithm, as compared to the
RA. In addition, qualitative evaluation of the cross plot
of the measured and estimated values of UCS from the
best model produced by the RA (Figure 10) shows that
the model works inappropriately at higher values of
UCS, significantly underestimating the actual value of
UCS. Accordingly, this model is strictly not
recommended for relatively high values of UCS.

Table 8. The best models developed, using the RA, for
estimating the UCS based on the studied data.

. RMSE R-
Parameter Equation (MPa)  squared
ucs
n — 144.27¢-0087n 15.46 0.87
Uucs
Edyn — 0.2009Eé_§7(l)17 17.20 0.88
Ucs
Egia = 2.4845E,, 17.38 0.86
+ 0.7796
ucs
p — 0.064£27093p 17.75 0.89
ucs
Vs — 0.7911e1785% 18.16 0.83
Ucs
Vy = 58.078l, 21.91 0.77
—164.03

AR
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Fig 10. Cross plot of the measured UCS and the

corresponding estimates produced by the best-fitted model

using the RA.

6. Conclusion

Given the key role played by the geomechanical
parameters, especially the uniaxial compressive
strength (UCS) and static Young’s modulus (Esta) in
the determination of the safe mud weight window,
drilling bit selection, hydraulic fracturing, ground
subsidence, and caprock integrity, the present research
was dedicated to the evaluation and development of
estimator models for the UCS and Esta. For this
purpose, a total of 27 core samples from a carbonate
gasfield in the south of Iran were considered. On each
sample, the values of the density, porosity,
compressive and shear wave velocities, static Young's
modulus, and UCS were measured through
experimentation.

Application of the 22 estimator models for the Esta,
which were compiled from the literature on the
carbonate rocks, on the experimental data obtained in
this research showed that the empirical model
proposed by [25] was more accurate than the other
models. Among the pool of 72 empirical models
presented in the literature for estimating the UCS of
carbonate rocks, the one proposed by [26] was found
to be the most accurate for estimating the parameters
focused in this work.

Investigation of the variation of different parameters
with the static Young's modulus and UCS in the form
of scatter plots showed that, except for the porosity, all
other parameters were directly related to the Esta and
UCS. In addition, evaluations indicated that a
nonlinear exponential equation governed the relation
between each input parameter (IP) and either Esta or
UCS. This was while the results showed that linear
relations could better describe the relationship
between the dynamic Young's modulus, in one hand,
and either of the static Young's modulus and UCS, on
the other hand. Accordingly, a greater focus was put
on these three types of function for developing
estimator models for the Esta and UCS based on single
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IP. Modeling the Esta using the particle swarm
optimization (PSO) showed that this parameter could
be estimated by an exponential function of the
dynamic Young's modulus with a minimum root-
mean-square error (RMSE) of 2.11 GPa. Comparison
of this finding to the reported results of Nur and Wang
(2000) and the best model produced by regression
analysis (RA) showed the higher accuracy of the PSO-
derived model by 48% and 7%, respectively.
Utilization of the PSO algorithm for developing a
model for estimating the UCS also showed that an
exponential function of the porosity could estimate the
UCS at a minimum RMSE of 14.11 MPa. Comparing
the PSO-derived model with the one presented by
Kilic and Teymen (2008) and the best equation
developed by the RA confirmed the superiority of PSO
as it produced more accurate results by 7% and%,
respectively. In addition, a comparison between the
single- and multi-IP models produced by the
mentioned methodologies showed that the single-IP
models tended to offer higher accuracies and further
generalizability, as compared to the multi-IP models,
though the fundamentals of the rock mechanics
indicate that the UCS and static Young's modulus are
affected by multiple rock properties. Finally, due to
inappropriate performance of the least squares method
for the RA-derived models, the RA is not
recommended for developing estimator models for the
Esta and the UCS.

7. Recommendation for future study

While this study successfully developed and
optimized estimator models using the PSO algorithm,
several directions for future research can be explored:
Although the dataset used in this study was sufficient
for applying the PSO algorithm and developing
reliable estimator models, increasing the number of
samples could further enhance model robustness and
generalization. Future research could focus on
expanding the dataset by incorporating additional
experimental or field measurements from diverse
geological formations. This would allow for a more
comprehensive evaluation of the developed models
across a wider range of conditions.

Incorporating  additional  parameters, such as
mineralogical composition, pore structure, or
anisotropy effects, could improve the accuracy and
generalization of the models.

Future studies could explore the integration of PSO
with other optimization techniques, such as grey wolf
optimizer (GWO), to enhance convergence speed and
accuracy.

Advanced machine learning techniques, such as deep
neural networks or transformer-based models, could
be investigated for their potential to capture complex
relationships in rock mechanics data.
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Incorporating uncertainty quantification techniques,
such as Monte Carlo simulations or Bayesian
inference, could help assess the reliability of the
predictions and improve confidence in the developed
models.
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Appendix I. Evaluation of the existing correlations for estimating the Esta and UCS of
carbonate rocks in the literature

Table 9. Correlations presented for estimating the Esta Of carbonate rocks based on physical parameters of the rock including the
porosity, n, the density, p, the compressive wave velocity, Vp, the shear wave velocity, Vs, and the dynamic Young's modulus,

Edyn.
Input . . . RMSE
parameter(s) References Equation for Es estimation (GPa) R-squared

[25] Egq = 1.153E,; — 15.2 3.12 0.86
[48] Egq = 0.867E; — 2.085 5.49 0.85
[28] Egq = 0.74E; — 0.82 6.54 0.85
E [31] Egq = 0.70E, 7.09 0.85
dyn [49] Esq = 1.05E; — 3.16 7.58 0.85
[6] Estq = 0.14EX°6 9.40 0.86
[50] Egq = 0.541E4 + 12.852 11.85 0.85
[51] Egq = 0.018E2 + 0.422F, 14.30 0.86
[24] Egq = 69 —19.31n (n) 5.89 0.89
[52] Egq = 12.16 — 1.532n 19.58 0.82
n [34] Egq = 69 —19.31n (n) 22.31 0.83
[34] Egq =7.39—0.21n 23.32 0.82
[53] Egq = 6.7396 + 2.6715n 47.28 0.82
[6] Egq = 0.169V;3-324 9.81 0.94
v [54] Estq = 10.672V, — 18.706 10.21 0.92
P [55] Eqea = 0.076 x V323 2053 0.94
[34] Egq =V, — 141 25.40 0.92
p [29] Egq = 3.98 X 5238 23.65 0.86
p.Eq [28] Egpq = 100002407108 (pEayn)) 8.05 0.87
-~ [30] Estq = 76.534 — 2.709p + 0.271n — 11V, 29.52 0.93
P Yy [30] Estq = 71.712 — 0.154p® + 0.002n° — 10V, 4421 0.73
, N, Vp, Vsp [27] Estq = —23.689 + 2.99p — 0.36n + 19.835V, — 19V; 13.48 0.89

Es, Ea: (GPa), Vp, Vs: (km/s), p: (g/cc), n: (%)

Table 10. Correlations presented for estimating the UCS of carbonate rocks based on physical parameters of the rock including
the porosity, n, the density, p, the compressive wave velocity, Vp, and the shear wave velocity, Vs.

Input Equation for UCS RMSE
Pararr?eter(s) Researcher (Year) | estimation (MPa) R-squared
[26] UCS = 147.16 X ¢~0-0835n 15.15 0.90
[24] UCS =—48x1In(n) +174 15.60 0.89
[56] UCS = 143.8 X e~95" 17.57 0.89
[57] UCS = 210.12 x n~0821 26.70 0.75
[56] UCS = 135.9 X g~ *8n 26.90 0.87
[55] UCS = 2.922 x n~ 096 30.52 0.71
[55] UCS = 0.77 x 293 31.09 0.77
n [34] UCS =723—-2.22n 33.63 0.79
[58] UCS = 1.001 x n~ 1143 40.30 0.66
[52] UCS = 76.107 X g~ 04153n 46.53 0.79
[59] UCS =277 x e~10n 48.80 0.91
[60] UCS =35.722 — 0.451n 49.56 0.79
ucs
[61] = 78.989 — 28.429 In (n) 49.74 0.89
[29] UCS = 42.111 x ¢~0:083n 52.73 0.90
[62] UCS = 46.402 x e~ 0-138n 55.32 0.90
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[52] UCS =79.9 —321n (n) 55.77 0.89
[29] UCS = 16.717 — 0.439n 61.60 0.79
[63] UCS = 254 x (1 — 2.7n)? 61.79 0.86
[56] UCS =276 x (1 — 3n)? 65.86 0.88
[53] UCS = 3.1096 + 2.332n 67.17 0.79
UCS = —10.96In(n
[29] (_) 40.826 80.29 0.89
[64] UCS = 101.3 — 31.41n (n) 117.41 0.89
[33] Ucs = e®% 23.49 0.74
[26] UCS = 2.304 X V24315 25.78 0.78
[35] UCS = 10%3%8% 4 0.283 26.34 0.75
[6] UCS = 0.009V,-105 27.93 0.78
[54] UCS = 31.545V, — 63.706 28.60 0.77
[65] UCS = 7.182V,1 31.64 0.78
[53] UCS = 3.9348 x e%612%% 31.77 0.77
[66] UCS = 22.18V, — 30.32 33.17 0.77
[67] UCS = 12.743V;11%4 35.16 0.77
[68] Ucs = 3.7u23 35.26 0.78
[69] UCS = 9.95 x V121 36.77 0.77
[36] UCS = 165.05 X e~#452/% 37.24 0.76
[70] UCS = 33V, — 44.227 37.70 0.77
[71] UCS = 56.71V, — 192.93 4051 0.77
[72] UCS = 16.4V, — 16.42 40.62 0.77
[73] UCS = 0.009V,105 41.38 0.77
[74] Ucs =151n(1,) — 734 43.72 0.76
Vp [75] UCS = 33V}, — 34.83 44.47 0.77
[76] UCS = 2.45V,1-82 46.20 0.78
UCS = 0.0009V, [m/s]
[74] v + 3g¢ 47.21 0.77
UCS = 8.107°V2 — 0.024V,
[77] 4 +319 v 51.27 0.77
[29] UCS = 6.97 x 0963 5151 0.77
[34] UCS = 10V, — 16.42 52.12 0.77
[78] UCS = 0.035V, — 31.5 53.01 0.77
[29] UCS = 6V, — 0.556 53.44 0.77
[33] Ucs =5V, 55.93 0.77
ucs
[29] = 7.141 + 5.136 In (V) 6087 0.76
ucs
[33] = 16.074 + 2.327 In (V) 7068 0.76
[33] UCS = 1.016 x V00023 70.68 0.76
[79] UCS = 64.2V, — 117.99 72.63 0.77
[29] UCS = 2.054 x e% 81.97 0.74
ucs
[34] =70.74 pary — 116.26 2927 0.7
[80] UCS = 73p — 110.32 29.51 0.79
[62] UCS = 0.632 x 10 :pm 38.16 0.78
P [29] UCS = 0.0737 x e217° 54.31 0.86
[29] UCS = 0.33 x p*108 58.45 0.84
[29] UCS = 11.31p — 16.47 61.86 0.79
UCS = 21.035In
[29] (p)_ 8375 62.82 0.76
p,Vp [36] 161542. 47 % -9561/(0%) 33.75 0.80

YA



Journal of Petroleum Geomechanics; Vol. 0; Issue. 0; autumn 0000 Developing New Empirical Relations...

ucs
[81] — a1 x (19107 11p1) 4754 0.82
ucs
[29] = 6319+ 4.27p 54.34 0.81
+4.418V,
ucs
[81] 87 x (11X1071002) 68.53 0.82
ucs
[14] = 29.3p [kN/m?) ] + 0.4V, 70.35 0.79
— 687.43"
— -9 2
[61] UCS = 1.745 x 10 _,;12, 88,61 0.82
nv UCS =5.77 — 0.132n
Vp
[82] + 225, 60.80 0.82
v ucs
P [27] = —92.305 + 33.66p 35.10 0.83
—0.61n + 12.27V, + 3V,
— 0.834
Egtar N [32] UCS =294 X Esta 10053 19.35 0.87
[31] UCS = 2.27Eg, + 4.74 17.77 0.86
Egq [35] UCS = 25.1 X Egq*3* 32.15 0.84
[35] UCS = 13.8 X Eg"°? 28.54 0.86
Egyn [6] Ues =128 (Eayn 18.02 0.86

/10)1.32

UCS: (MPa), Vp, Vs: (km/s), p: (g/cc)
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Appendix I1. Development of estimator models for Esta and UCS using the PSO algorithm
and RA

Table 11. The models developed for estimating the Esta using the PSO algorithm based on the studied data.

Input parameter Eq. Type Equation RMSE (GPa) R-squared
Exponential Esrq = 0.3098¢18103Vs 3.30 0.96
Vs Power Egrq = 0.5284V,+4033 3.60 0.96
Linear Egq = 36.8831V, — 58.642 6.21 0.87
Exponential Egq = 0.5191e%9354% 4.43 0.93
v, Power Estq = 0.09521,39546 4.14 0.94
Linear Egtq = 23.5739V, — 67.0820 4.94 0.92
Exponential Eseq = 0.0332e26215p 5.28 0.90
p Power Estq = 0.0551p5628° 5.34 0.90
Linear Esq = 52.7608p — 102.9819 7.13 0.83
Exponential Esrq = 61.1913¢70:893n 5.22 0.91
n Power Egtq = 72.7183n705512 7.61 0.81
Linear Egq = —1.7174n + 47.5796 7.30 0.82
Exponential Egtq = 4.9280e%0425Eayn 3.07 0.97
Egyn Power Estq = 0.0691E}53%° 211 0.98
Linear Egtq = 1.1194E,,, — 12.0313 3.25 0.96

Table 12. The models developed for estimating the UCS using the PSO algorithm based on the studied data.

Input RMSE

Parameter(s) Eqg. Type Equation (MPa) R-squared
Exponential UCS = 13.3257¢%0410Eayn 19.02 0.83
Egyn Power UCS = 0.2111E557° 16.92 0.86
Linear UCS = 2.8315E4,,, — 30.6291 17.44 0.86
Exponential UCS = 25.8185¢%0296Esta 23.21 0.75
Ega Power UCS = 3.0347E22484 17.29 0.86
Linear UCS = 2.4845E, + 0.7796 17.38 0.86
Exponential UCS = 164.5985¢ 00979 14.11 0.91
n Power UCS = 194.1561n~0%-5806 20.22 0.81
Linear UCS = —4.5222n+ 122.8295 21.22 0.79
Exponential UCS = 0.0771e%655% 17.50 0.85
P Power UCS = 0.1218p%775! 17.33 0.86
Linear UCS = 138.3005p — 272.1419 21.17 0.79
Exponential UCS = 1.7206e%8725% 23.01 0.75
Vy Power UcCS = 0.35731/'1[,3'6834 22.27 0.76
Linear UCS = 58.0776V;, — 164.0326 2191 0.77
Exponential UCS = 0.8356e%7852Vs 17.78 0.85
Vg Power UCS = 1.4115)+3454 17.93 0.85
Linear UCS =93.7004V; — 149.4189 21.66 0.78
Vo, p Exponential UCS = 1000 x e=287/(p 730 1,04%2%) 16.11 0.88
Vp,p. 1 Exgzrx:r“al UCS = 259.9612 x n~025 x g=687524p72 02V 1470¢ 14.69 0.90




Journal of Petroleum Geomechanics; Vol. 0; Issue. 0; autumn 0000 Developing New Empirical Relations...

Table 13. The models developed for estimating the Esta using the RA based on the studied data.

Parameter Eq. Type Equation Tgﬂpil)z R-squared
Exponential Egq = 0.3372e17695% 3.38 0.91
Vs Power Egrq = 0.86941,3-8302 4.26 0.90
Linear Esq = 36.883V, — 58.642 6.21 0.87
Exponential Esrq = 0.24911039% 5.36 0.92
Vy Power Egq = 0.0567V;,3034 4.34 0.93
Linear Egrq = 23.574V, — 67.082 4.94 0.92
Exponential Estq = 0.0339¢26036P 5.32 0.92
p Power Eqq = 0.0853p%1348 5.58 0.92
Linear Egq = 52.761p — 102.98 7.13 0.83
Exponential Espq = 57.293¢ 70085 5.38 0.92
n Power Esq = 106.22n70788 10.80 0.83
Linear Estq = —1.717n + 47.58 7.30 0.82
Exponential Egtq = 3.3508¢%0517Eayn 5.04 0.94
Egyn Power Egtq = 0.0893E ;7% 2.26 0.96
Linear Estq = 1.1194E,,,, — 12.031 3.25 0.96

AR
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Table 14. The models developed for estimating the UCS using the RA based on the studied data.

Pa:'r;ﬁ]u;ter Eq. Type Equation ’(?|\|>I/IPS£ R-squared
Exponential UCS = 7.9205e%0526Eayn 22.32 0.87
Egyn Power UCS = 0.2009E 350" 17.20 0.88
Linear UCS = 2.8315E4,,, — 30.629 17.44 0.86
Exponential UCS = 14.566e%045Fsta 33.81 0.83
Ega Power UCS = 2.3148E1%171 17.49 0.92
Linear UCS = 2.4845E,, + 0.7796 17.38 0.86
Exponential UCS = 144.27~0087n 15.46 0.87
n Power UCS = 284.43n7°82° 28.64 0.82
Linear UCS = —4.522 +122.83 21.22 0.79
Exponential UCS = 0.064¢%7093p 17.75 0.89
p Power UCS = 0.1693p%371 18.06 0.88
Linear UCS = 1383p — 272.14 21.17 0.79
Exponential UCS = 0.5835e11133% 25.06 0.84
Vy Power Ucs = 0.12841/1'!,4'3569 23.06 0.85
Linear UCS = 58.078V}, — 164.03 2191 0.77
Exponential UCS = 0.7911e785% 18.16 0.83
/8 Power UCS = 2.0724V,38539 19.33 0.81
Linear UCS = 93.7V; — 149.42 21.66 0.78
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